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About  this  R«port 

Though  this  rsport  in  its  whole  extent  desls  with  problems  of 
GRAVITATION,  its  first  hslf  end  its  second  half  are  quite  different 
in  nature.  In  the  first  half  empirical  results  of  several  branches  of 
natural  sciences  are  discussed,  in  relation  to  a  fundamental  problem 
of  gravitation.  But  in  the  second  half  mathematical  developments  are 
reported,  belonging  to  the  consequences  deduced  from  EINSTEIN'S  theory 
of  gravitation  and  general  relativity.  In  order  to  show  to  the  reader 
how  I  came  to  begin  research  -  together  with  my  pupils  and  collaborators  • 
in  these  widely  different  directions,  and  with  an  intention  to  look 
at  these  different  endeavours  as  parts  of  an  undivided  program,  I  should 
like  to  make  a  few  remarks  about  the  connections  in  my  scientific  work 
during  the  last  fifteen  years. 

My  interest  in  general  relativity  arose  when  I  became  acquainted 
with  Dirac's  cosmological  speculations,  which  lead  him  1937  to  his 
hypothesis  about  cosmologlcally  diminishing  gravitation.  I  have  been 
then  nearly  the  only  one  among  physicists  who  was  really  fascinated  by 
Dirac 'e  idea  and  convinced  by  his  arguments,  and  I  tried  to  think  more 
hbout  then.  I  saw  connections  of  these  ideas  with  the  interesting 
developments  of  Kalusa,  0.  Klein.  Veblen,  W.  Pauli  about  five  dimensional 
or  "projective"  relativity  (these  connections  have  been  detected  anA 
discussed  also  by  Einstein  and  P.G.  Bergnann),  and  I  felt  myself  necessls 
tated  to  study  more  thoroughly  general  relativity,  a  branch  of  modern 
physics  to  which  before  these  events  I  had  devoted  only  cursory  attention, 
having  been  busied  with  the  fascinating  problems  of  quantum  mechanics 
and  quantum  electrodynamics  or  quantum  field  theory  -  lidiich  I  had  to 
lay  aside  now  in  order  to  study  gravitation. 

The  first  period  of  my  new  endeavour  since  19^^  congerned  the  task 
to  generalise  Einstein's  theory  of  gravitation  in  such  a  manner  as  to 
include  in  the  new  "generalised  theory  of  gravitation"  possibilities 
of  the  kind  suggested  by  Dirac.  Much  has  been  done  in  this  direction 
not  only  by  myself  but  also  by  my  friends  G.  Ludwig.  Cl.  Muller.  0.  Heck* 
aann,  W.  Pauli.  W.  Fricke,  H.  GreBmann,  H.  Kbnig,  E.  Schuckin.{,  J.Ehlers. 
W.  Kundt.  K.  Just  and  independently  by  Y.  Thirv.  Important  contributions 
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to  these  matters  have  been  given  by  M.  Fierz,  A«  Llchnerowicz,  and 
then  by  R»  H.  Dicke  and  D«  Brill. 

But  in  the  course  of  time  it  had  become  clear  to  me  that  those 
mathematical  problems  of  the  "generalised  theory  of  gravitation" 
which  seemed  to  me  to  be  chiefly  interesting  could  not  be  studied 
successfully  without  having  at  first  studied  thoroughly  the  whole 
field  of  mathematical  problems  in  the  realm  of  Einstein’s  theory 
•  with  a  real  "constant"  of  gravitation.  Therefore  since  several 
years  I  encouraged  my  young  friends  to  do  research  chiefly  in  this 
direction  -  the  second  half  of  this  report  presents  results  in  this 
field. 


I  prefered  to  do  so  also  because  it  became  a  little  difficult 
for  me  to  maintain  my  hope  that  it  might  be  really  useful  to  do 
work  concerning  the  "generalised  theory  of  gravitation"  -  astronomers 
seemed  to  remain  undividedly  inclined  to  believe  that  this  theory 
(and  the  underlying  hypothesis  of  Dirac )  might  have  nothing  to  do 
with  reality.  Though  I  myself  remained  convinced  of  the  correctness 
of  this  theory,  it  seemed  to  me  during  some  years  not  to  be  justified 
to  induce  my  pupils  to  do  more  about  a  theory  of  doubtful  value. 


Therefore  I  became  more  and  more  interested  in  the  question 
whether  there  are  empirical  facts  which  might  be  regarded  as  empirical 
evidence  in  favour  of  Dirac *s  hypothesis  and  of  my  own  theory, 
based  upon  this  hypothesis  and  developing  it.  This  task  grew  to 
a  separate  study  winning  more  and  more  interest  -  and  what  is 
reported  here  in  the  first  half  of  this  report,  seems  to  me  now 
to  be  a  definitive  statement  showing  Dirac's  hypothesis  to  formulate 
one  of  the  fundamental  truths  about  the  laws  of  Nature. 


iyo  . 
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Ttchnlcal  Remark. 


In  Chapter  I|II  the  author  had  to  mention  many  details 
of  sciences  not  belonging  to  his  own  branch  -  such  as 
geology,  palaeoclimatology  and  so  on*  Writing  down  this 
report  he  felt  that  many  technical  words  out  of  the 
scientific  vocabulary  of  these  sciences  are  not  known  to 
him  with  certainty  in  their  English  version.  Having  not 
the  ambiticn  to  deliver  a  work  of  philological  perfection, 
he  decided  not  to  go  in  each  single  case  to  the  libraries 
of  other  institutes,  but  to  express  himself  in  a  suitable 
manner  so  that  the  kind  reader  without  doubt  will  understand 
him,  though  missing  some  customary  designations. 
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PART  I,  DISCUSSION  OF  EMPIRICAL  FACTS  GIVING 
SUPPORT  TO  DIRAC'S  HYPOTHESIS  OF  A  VARIABLE 
"COWSTAWT**  OF  GRAVITATION  . 


i__l! _ Introduction,  Dirac  1937  by  considerations  about  which 

we  shall  speak  only  later  came  to  the  conclusion  that  what  we  use 
to  call  the  gravitational  constant  may  be  in  reality  a  variable. 
The  force  of  gravitation  between  two  masses  of  one  gramme  each, 
and  each  one  of  spherical  symmetry, in  the  case  that  their  centres 
are  one  centimeter  apart,  has  the  wel]  known  value 

f  k  6,685.10“^  dyn,cm^,g“^. 

In  the  relativistic  theory  of  gravitation,  as  developed  by 
Einstein  and  other  Authors,  we  often  use  the  notation 


The  meaning  of  Dirac 's  hypothesis  is  now  this:  In  the  course  of 

geological  or  cosmological  times  this  f  performed  a  process 

of  slow  monotonuous  diminution.  If  f  is  the  value  of  f  at 

0 

present  -  equal  to  what  we  called  f  in  ( 1 )  -  then  the 
diminution  A  f  of  f  during  one  year  may  have  been  during 
the  last  10|^  years  of  the  order  of 

Jl  f  ■  10"^f  . 

o 


(3) 
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But  Dirac  *6  quite  speculative  considerations  gave  no  exact 
value  of  this  amount. 

Looking  seriously  at  this  idea  of  Dirac *8.  and  knowing  the 
fundamental  concepts  of  relativity,  one  must  conclude  that  f 
or  ^  ,  if  variable  in  time,  must  also  be  variable  in  space; 

it  must  be  what  the  theory  of  relativity  calls  a  scalar  field 
variable.  There  arises  then  the  problem  to  formulate  new  field 
equations  of  the  theory  of  ji'eneral  relativity,  and  to  discuss 
the  theoretical  consequences.  Tne  author  began  to  study  this  topic 
1944,  Many  authors  participated  in  this  mathematical  and  physical 
study;  I  mention  here  only  the  names  of  Thiry,  Fauli,  C.  Miiller, 
Ludwig,  Heckmann,  Fricke,  Shlers,  ‘^'chucking,  Kundt,  Fieri, 

Greflmann,  1  j  chnerowicz,  Dicke,  Prans,  Brill  ,Ielitwyler,  Just. 

Though  Lt  might  seem  that  there  are  scarcely  sufficient  criteria 
to  allow  from  a  purely  theoretical  point  of  view,  precise 
(hypothetical)  statements  about  theaa  new  field  equations,  the 
situation  in  reality  is  a  different  one.  From  Einstein's  admirable 
theory  of  gravitation  we  tnow  the  rcssibi.ity  that  theoretical 
considerations  possessing  a  high  convincing  power  may  lead 
u.'.  in  a  field  of  problems  where  empirical  evidence  is  still 
'.xtremely  poor:  Jnl  .  now,  w.  tr.  l  elp  of  satellites,  we  can  hope 

ti  et  more  ana  leeper  information  about  finer  details  in  the 
1  jA’  of  gravitation;  and  nobody  among  pr.ysicists  will  doubt  that 
‘;i  ■  future  experimental  evidence  will  in  the  first  line  give  - 

ihe  Hossbauer  effect  -  confirmation  of  the  theoretical  predictions 
Irawn  from  Einstein's  theory. 
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Only  the  numerous  attempts  -  starting  from  Weyl * e  famous 
and  mathematically  brilliant,  but  surely  physically  wrong  theory  - 
to  find  what  has  been  called  a  unitary  theory  of  gravitation  and 
electromagnetism  (or  even  also  fields  of  meson  forces)  lead  us 
into  speculations  without  limits  and  without  any  hope  to  get  real 
physical  predictions  about  possible  experiments  of  the  future* 

This  whole  endeavour,  put  forward  by  so  many  leading  mathematician, 
and  physicists,  must  be  said  to  be  probably  entirely  valueless, 
in  contrast  to  Ein8tein*s  original  theory  of  gravitation  (inciudinK 
also  Maxwell  fields,  but  without  the  ambition  to  give  a 
"geometric  interpretation"  of  these  or  fl^'unitary  theory")  which 
must  be  acknowledged  as  a  probably  correct  description  of  deep 
physical  laws  not  yet  explored  experimentally  in  a  sufficient 
manner. 

Introducing  now,  according  to  Dirac *8  idea,  an  additional 
scalar  field  variable  into  the  theory  we  naturally  get  a  modifl= 
cation  -  or  a  generalisation  -  of  Einstein's  classical  theory 
of  gravitation*  Though  again  we  have  to  do  here  steps  of  a 
decidedly  hypothetical  character,  we  find  again  such  a  situation 
that  there  can  be  scarcely  any  doubt  about  the  possibility  of 
a  simple  and  convincing  generalisation  of  Einstein's  theory 
in  the  direction  searched  for. 

Let  us  write  down  -  restricting  us  here  to  the  vacuum  case  - 
the  fundamental  variational  principle  of  the  combined  Einstein-Kax« 
well  theory.  In  usual  notation  it  is; 


a) 

‘Tift 
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To  cone  now  to  the  modified  new  verietionel  principle  of  the 
generalised  theory  of  gravitation  Lerweiterte  Grmvitationstheorie**) 
we  wri te 


(S’; 


x'’k.  - 


.  9x  ^ 

9-  3?^  7? 


Here  the  dimensionless  constant  ^  is  the  only  one  unknown 
parameter  of  the  theory,  to  be  evaluated  not  by  theoretical  spes 
culation  but  from  empirical  facts.  There  are  reasons  to  believe 
that  2^  should  be  great  in  comparision  with  1  ,  perhaps  of 

p 

the  order  10  ;  but  according  to  Dicke  the  empirical  evidence 
(from  the  perihelion  of  Mercury)  is  perhaps  not  so  sharp  as  to 
make  a  value  of  the  lower  order  10  impossible. 


The  great  bulk  of  mathematical  and  physical  discussion  and 
research  in  connection  with  (3)  may  be  excluded  here  from  consides 
ration,  because  the  authors  and  his  collaborator's  extensive  studies 
about  this  topic  do  not  belong  to  the  period  covered  by  this 
contract.  New  mathematical  research  in  this  direction  has  become 
now  of  actual  urgency,  but  is  only  in  its  beginning. 


Y.  Thiry,  who  too  studied  the  generalisation  of  Einstein's 
theory  of  gravitation,  necessary  if  one  tries  to  study  the 
theoretical  consequences  of  Dirac  *s  idea,  independently  of  the 
author,  came  to  similar  developments.  R.H.  Dicke,  starting  from 
a  study  of  empirically  detectable  consequences  of  Dirac's 


1)  Discussion  of  the  present  status  of  affairs:  P.  Jordan, 
Zeitschr.  Physik  2^,  112  (1959). 


hyptthesls  (3),  developed  together  with  Brens  also  the  fornuletlon 

of  the  relativistic  field  equations  for  the  theory  with  variable 

X  t  iQ  connection  with  a  discusaion  of  Mach ' s  principle 

A  very  clear  and  instructive  discussion  of  the  theoretical 

foundations  of  the  theory,  showing  thoroughly  also  the  relations 

between  the  endeavours  of  the  different  participating  authors, 

2) 

has  been  performed  by  D»  Brill,  . 

In  this  report  not  much  more  will  be  said  about  the  theoretical 
side  of  the  problem.  I  prefer  to  discuss  the  empirical  aspect, 
summarising  previous  discussions  and  going  further  some  steps. 

Experimental  tests  apt  to  decide  about  Dirac 's  hypothesis  are 
closely  related  to  the  geophysical  questions  influenced  by  the 
hypothesis.  Their  discussion  therefore  may  be  included  into  the 
general  discussion  of  those  facts  concerning  our  Earth  which  are 
of  interest  in  this  connection.  Our  discussion  then  consists 
of  two  chapters:  The  second  one  will  treat  facts  of  astronomy. 

The  first  one  will  deal  with  the  earth.  Some  remarks  about  other 
planets  and  about  the  moon  may  be  included  in  the  first  chapter. 


1)  C,H.  Brans,  R.H.  Dlcke,  Mach's  principle  and  a  relativistic 
theory  of  gravitation.  1961. •  C.H.  Brans,  Mach's  principle  and  a 
varying  gravitational  constant.  Dissertation  Princeton  1961, 

2)  Review  of  Jordan's  extended  theory  of  gravitation.  Varenna  I96I. 
International  School  of  Rtysics  "Enrico  Fermi". 
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CHAPTIR  I,  CONSEQUENCES 
OF  DIRAC «S  HYPOTHESIS  CONCSRWINQ 
PHYSICS  AND  HISTORY  OF  THE  EARTH. 

§  2*  PoBslble  txpTinwatal  testa*  There  exists  perhaps  some 
hope  to  measure  in  a  near  future  f  with  such  an  accuracy  that 
during  10  or  20  years  the  predicted  small  diminution  could  be  detected 
I  learned  from  R.  Vieweg  that  the  measurement  of  gravity  at  the 
surface  of  the  earth  will  come  soon  to  the  precision  of  at  least 
6  decimals;  and  by  suitable  arrangement  one  may  perhaps  win  still 
more  3  decimals  for  con£ari8ion  measurements »  Oravimetrlc 
measurements  allow  already  to  discern  periodical  variations  of 
gravity  corresponding  to  the  decimal  of  f*  The  best 

present  hopes  in  this  direction  seem  to  me  to  arise  from  the  work 
of  Dicke  and  collaborators  in  Princeton  who  are  endeavouring 
to  attack  the  problem  of  precision  measurement  of  gravity  in 
several  ways. 

Diminution  of  f  must  lead  to  a  slow  expansion  of  the  earth. 

influencing  as  well  as  f  itself  the  gravitational  acceleration 

on  the  surface  of  the  earth.  It  is  a  favourable  fact  that  both 
effects  -  the  direct  effect  of  the  hypothetical  change  of  f  , 
and  our  increasing  distance  from  the  centre  of  the  earth  -  go 
into  the  same  direction:  The  amounts  of  both  effects  may  perhaps 
be  of  the  same  order  of  relative  magnitude  10”^  or  10*^® 


1)  R.  Tomaschek,  Handbuch  d.  Physik,  XL VIII,  page  773. 
(Bln  -  Gottingen  -  Heidelberg  19^7). 
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p#r  y*ar.  But  I  ayaalf,  balag  now  aaarly  in  ay  nixtiath  yaar, 
hava  not  auoh  hopa  that  a  elaar  daolaion  of  this  graat  problaa 
of  natural  aolanea  by  dlraet  BaaBuraBant  will  boaa  out  alraady 
during  By  lifatiaa. 

Variation  of  tha  radius  of  the  earth  Bust  also  give  variations 
in  its  rotational  period  -  the  lav  of  conservation  of  rotational 
BOfflenti|iii  remains  valid  also  in  the  generalised  theory  of 
gravitation.  Therefore  there  might  seen  to  be  chances  to 
deteot  aoaethlng  about  the  hypothesis  by  supervision  of  the 
rotation  of  the  earth,  modern  methods  with  SIO^  clocks, 

NB^  clocks,  Cs  clocks  allowing  highly  precise  asasursBent. 
Indeed  variations  of  the  rotational  velocity  of  the  earth  of  the 
magnitude  to  be  expected  froa  the  hypothesis  would  fall  into 
the  order  of  aagnitude  of  the  really  known  eBplrlcal  deviations 
froB  constant  rotation.  **  ^  But  these  deviations  partly  are 
caused  by  effects  Vihich  are  well  understandable  in  a  qualitative 
Banner,  but  not  easy  to  compute  with  the  necessary  aocuraoy. 

We  have  a  periodical  variation  of  the  rotation  in  oonsequenoe 
of  the  fact  that  about  10  ®  of  the  rotational  aoBentWbt  of 
the  earth  is  contained  in  the  wind  system  and  in  the  tidal 
BoveBents*  (Both  these  parts  are  of  the  same  order  of  aagnitude). 
Apart  froa  these  periodical  variations  the|re  are  aperlodleal 
ones  amounting  to  only  about  1$  of  the  periodical  ones.  - 
they  change  the  duration  of  the  day  in  the  order  of  1  asec 
pro  100  years.  It  is  not  laprobable  the  slow  variations  of 
oceanic  currents  and  also  the  aeltlng  process  of  polar  lee 


1)  H.  Spencer- Jones,  Handb.  Physik  XVLII,  page  1.  (1936) 
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arc  partly  rsaponslbla  for  thaaa  aparlodical  ohangaa  of 
rotation,  but  axaet  eoaputationa  art  searoaly  posslbla. 

Friction  of  tidal  aovamcnt  eausaa  a  certain  tranafar  of 
rotational  aoaantua  from  the  earth  to  the  moon.  Thia  affect  haa 
bean  diacuaaad  quantitatively  with  the  following  raault: 
Aatronoaically  a  alow  incraaaa  of  the  rotational  momentum 
of  the  moon,  relative  to  the  earth,  ia  known*  Partly  thin 
la  cauaed  by  perilrbationa  by  other  planets;  but  in  the  same 
order  of  magnitude  also  tidal  friction  is  partly  responsible 
for  this  astronomiwal  effect.  But  naturally  the  tidal  friction 
cannot  be  computed  theoretically  with  high  accuracy;  therefore 
we  can  scarcely  hope  to  be  able  so  learn  something  about 
Dirac  *a  hypotheaia  from  the  rotation  of  the  earth. 

The  chances  are  even  still  worse:  Some  specialists  doubt  that 
the  increase  of  rotational  momentum  of  the  moon  really  gives 
the  corresponding  decrease  in  the  rotation  of  the  earth* 

For  thefre  are  reasons  to  presume  that  the  tidal  movement 
of  the  atmosphere  allows  a  compensation  for  this  loss  of 
rotational  momentum  of  the  earth,  by  a  resonance  effect  dlss 
cussed  already  by  Kelvin.  (The  rotational  momentum  of  the  earth 
relative  to  the  sun  makes  such  a  compensation  possible  without 
violation  of  the  conservation  law).  At  last  the  secular  variation 
of  the  earth's  magnetic  field  seems  to  show  that  the  rotation 
of  inner  and  outer  parts  of  the  earth  is  not  exactly  synchros 
nised  but  shows  extremely  slight  differences.  All  these  facts 
together  make  it  an  hopeless  task  to  get  information  about  the 
surmised  variation  of  from  the  rotation  of  the  earth. 

Conservation  of  rotational  monentun  in  a  two  body  problem 
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with  graritational  force  has  the  eonaequeaoe  that  In  the 
oaae  of  rariation  of  je  the  average  radius  of  the  orbit 
'^*^^**  pJ'opoftional  to  ,  and  the  period  of  revolution 
proportional  to  .  The  corresponding  variation  in  the 
length  of  a  year  cannot  be  neaaured  astronomically.  But  in 
the  case  of  the  noon  and  its  orbit  around  the  earth  the 
situation  is  more  favorable.  According  to  lirac«s  hypothesia 
the  moon  should  show  a  ''secular  acceleration”  of  about 

-  0,5"  .  In  fact  it  shows  a  secular  acceleration  of 

♦10",  and  this  is  the  effect  of  two  combined  causes, 
giving  each  one  about  one  half  of  the  effect:  Planetary 
perturbations,  computed  already  with  old  methods  by  Laplace, 
could  today  be  determined  quite  exactly  by  use  of  modern 
electronic  computing  devices.  But  the  other  cause  is  again 
tidal  friction  -  and  there  is  scarcely  any  chance  that  this 
could  be  computed  theoreticallg  with  a  precision  of  % 
or  als  would  be  necessary  in  order  to  allow  recognition 
of  the  effect  of  diminishing  ^  . 

Now  here  is  one  of  the  great  chances  of  modern  satellite 
technic  to  help  us  to  look  into  the  fundamental  laws  of 
Nature.  For  satellites  moving  around  the  earth  naturally 
do  not  undergo  any  influence  of  tidal  friction  -  this  friction 
being  a  function  of  the  quotient  of  the  height  of  tidal  waves 
to  the  depth  of  the  ocean.  (Practically  the  wast  shallow 
Bering  Sea  contributes  the  chief  part  of  the  tidal  friction 
of  the  moon). 

The  technical  difficulty  of  weak  atmospheric  friction 
of  a  satellite  can  be  removed  by  an  idea  diacussed  by 


American  physicists*  I  Isarnsd  about  It  by  ths  klndnssa  of 
N*  Sohwarzachlld*  In  principle  a  satellite  of  the  needed 
type  would  consist  of  two  parts:  The  central  body,  and  the 
mantle  surrounding  It  but  not  connected  with  It*  The  central 
body  noTes  without  any  frictional  contact  with  the  atmosphere* 
The  mantle,  loosing  slowly  by  friction  some  of  Its  momentum, 
contains  a)  Instruments  to  measure  any  deviation  of  the 
central  body  from  Its  normal  position  In  the  mantle;  b)  a 
suitable  rocket  device  In  order  to  accelerate  It  autonatls 
cally  In  the  needed  manner  In  order  to  restore  the  normal 
spaoial  relation  between  mantle  and  body* 

§  3*  The  reality  of  earth  expansion*  In  several  ways 
any  considerable  change  concerning  PC  must  have  strong 
Influence  upon  the  structure  of  the  earth  and  the  processes 
going  on  at  Its  surface*  If  really  9C  did  -  during  geolos 
glcal  times  -  perform  a  diminution  of  such  an  amount  as  Dirac’s 
hypothesis  tends  to  make  us  believe,  then  this  must  have 
lead  to  consequences  detectable  In  several  different  branches 
of  the  sciences  endeavouring  to  understand  our  earth  and 
the  phenomena  presented  by  It*  We  try  to  discuss  this  matter 
in  the  following  paragraphs  to  Its  full  extent,  though  It 
will  then  be  necessary  to  look  Into  a  series  of  problems  which 
usually  are  thought  to  lie  far  beyond  the  limits  of  physical 
interests. 

The  aim  of  this  whole  discussion  will  be  to  clear  whether 
there  would  arise  from  Dirac  *s  hypothesis  consequences  which 
seem  to  be  in  contrast  with  empirical  facts  -  possibilities 
of  this  kind  could  be  numerous,  and  only  by  a  thorough  study 
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w«  can  coat  to  att  whathar  this  hypothasis  may  ba  diaeuasad 
by  tha  phyaiciata  aarioualy  without  challanging  yahaaant 
criticiam  of  othar  aciantiata.  In  thia  oonnaotion  wa  hava  to 
nantion  Tarioua  problaaa  which  hava  baaa  diaouaaad  by  many 
authora  without  gaining  ganarally  aoknowladgad  raaulta. 

If  wa  aim  to  ahow  how  thaaa  controvaraial  nattara  aaam  to 
ba  thought  of  aa  aoon|  aa  wa  ara  following  Dirac* a  idaa, 
primarily  wa  tand  to  ahow  that  Dirac* a  hypothaaia  cannot 
ba  aaid  to  ba  in  contradiction  with  wall  aatabliahad  facta. 

In  many  dataila,  to  thoaa  who  ara  intarastad  axcluaivaly 
in  thaaa  dataila,  it  nay  aaam  that  our  intarpratation,  baaad 
on  ^>0*0  hypothaaia,  ia  not  a  nacaaaary  ona  bacauaa  othar 
thaoriaa  too  ara  parhapa  apt  to  giva  an  axplanation  for  juat 
thia  or  that  datail.  Bu^  our  point  ia  to  axamina  whathar 
thera  ara  hindrancaa  to  ragard  tha  hypothaaia  aa  a  poaaibla 
ona,  in  harmony  with  what  wa  know  about  our  aarth. 

Tharafora  wa  hava  hara  tha  naw  and  parhapa  a  littla  aur^ 
priaing  aituation  that  facta  and  diacuaaiona  of  gaology, 
plaaoclimatology,  pnlaaonagnatian,  Volcanian,  oceanography 

and  80  on  win  aoma  manning  about  a  problem  intaraating  prinarilp 
tha  phyaiciat. 

Aa  already  aaid  above  tha  acalar  ^  ,  if  variable  in  tha 
couraa  of  tine,  muat  ba  variable  alao  apacially;  and  there 
axiata  now  at  leant  ona  attempt  to  look  for  an  affect  auitad 
aa  a  teat  about  thia  poaaibilitjfw.  In  tha  centrally  ayamatrie 
atatic  gravitational  field  of  a  naaa  point  or  a  atar  ia 

a  function  of  tha  diatanea  from  tha  centra;  the  mathanatioal 
problem  to  dataraina  thia  function  la  aolvad  ainoa  more  than 
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ten  years.  Nov  Pi eke  proposed  the  following  idea:  Owing 
to  the  excentricity  of  its  orbit  the  earth  comes  in  the 
course  of  the  year  into  districts  where  X  is  a  little 
greater  or  smaller,  nils  must  cause  a  slight  periodical  variation 
in  gravitation  at  the  surface;  one  can  surmise  that  per= 
haps  this  leads  to  a  seasonal  variation  in  the  frequency 
of  earthquakes. 

Morgan.  Stoner  and  Dlcke^iade  a  study  of  this  question. 

Indeed  the  harmonic  analyse  of  the  empirical  frequencies 
shows  a  variation  which  is  in  accord  with  Diekes*s 
expectations. 

All  other  empirical  facts  to  be  discussed  in  tbesjehapter 
are  related  to  the  assumed  dependency  of  ^  from  time. 

Two  main  consequences  are  to  be  drawn:  I^Th.  earth  must 

ii 

have  performed,  as  mentioned  already,  an  expansion. 

2)  The  "solar  constant",  measuring  the  intensity  of  solar 
radiation  at  the  earth,  must  have  diminished  strongly  in 
the  course  of  geological  times.  The  second  point  will  be 
discussed  later;  at  first  we  have  to  do  here  with  the 
expansion  of  the  earth,  and  related  topics.  When  19^2  with 
kind  permission  of  my  friend  Joel  Fisher  I  discussed  in 
a  book  of  mine  his  idea  that  such  an  expansion  should  have 
taken  place,  this  seemed  to  be  quite  a  revolutionary  idea, 
in  sharp  contrast  to  current  theories  of  geologists  and 
geophysicists  believing  in  a  contraction  of  the  earth.  Today 
the  situation  is  quite  another  one:  The  oplniosof  leading 
specialists  in  this  field  are  converging  now  to  acknowledge 


1)  W.J.  Morgan,  T.O.  Stoner,  R.H.  Dlcke,  Periodicity  of 
earthquakes  and  the  invariance  of  the  gravitational  constant, 
princeton  1961 
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•xpansioB  of  the  earth  aa  an  empirically  stated  fact;  differences 
of  opiniom  remain  only  concerning  the  amount  of  this  expansion. 

The  decisive  fact  -  revealed  by  Ewing.  Heezen.  Tharp  (8)  - 

is  the  existence  of  a  great  system  of  deep  rifts  in  the  surface 
of  the  earth.  Heezen  (4)  has  given  a  very  instructive  description 
of  this  system  and  analysed  its  significance.  Also  J.T.  Wilson 
(7)  Acknowledged  the  expansion  of  the  earth  as  a  fact  proven 
by  this  system  of  rifts.  I  shall  not  go  here  into  details, 
but  give  only  a  few  indications  about  this  phenomenon.  Fig.1 
shows  in  the  first  line  those  parts  of  the  system  of  rifts  which 
are  lying  in  the  oceans.  Several  smaller  parts  of  these  rifts 
(extending  to  lengths  of  hundreds  of  km)  have  been  already  well 
known  since  some  time.  The  depths  of  these  rifts,  as  one  know£^ 
goes  to  the  amount  of  about  10  km  below  the  surface  of  the 
oceans;  their  widths  are  sometimes  only  2  km.  The  existence 
of  this  whole  system  has  been  discovered  by  Ewing.  Heezen,  Tharp 
in  connection  with  their  oceanographic  research;  oceanographic 
results  of  other  sources  -  especially  also  the  nuclear 
submarines  Nautilus  and  Skate,  gave  confirmations  and  extensions. 

Some  parts  of  these  rifts  are  lying  on  the  continents  - 
especially  the  famous  east  african  rifts,  where  especially 
in  the  case  of  the  Great  Dike  in  Southern  Rhodesia  in  the 
length  of  500  km  a  rift  of  5  to  5  hm  is  filled  by  magma  from 
This  phenomenon  did  already  since  some  time  cause 
difficulties  for  the  usual  theory  of  a  contracting  earth. 

These  difficulties  win  overwhelming  power  now  after  the  dls^ 
covery  that  the  Great  Dike  is  only  a  small  part  of  a  system 
enveloping  the  whole  earth.  There  are  probably  on  the  contis 
nents  still  many  other  rifts  belonging  to  this  system,  but  in 
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most  casts  dstectabls  only  by  thorough  gsological  Investigation. 
An  tzanplt  of  thtat  sttns  to  bt  a  snallar  systta  of  rifts 
studied  by  Still e  (9);  fig,2  shows  that  these  rifts  are  lying 
in  the  continuation  of  one  of  the  parts  of  the  system  flg.1. 


One  of  the  great  arms  of  these  rifts  is  going  over  Iceland; 
a  photo  made  from  a  plane  reproduced  in  Heezen*a  mentioned 
report  shows  quite  visibly  the  nature  of  these  rifts  as 
consequence  of  a  pull  tearing  the  adjacent  parts  of  the 
surface  from  each  other.  The  rift  cuts  across  Iceland  through 
the  depression  known  as  the  Central  Icelandic  Graben.  All  the 
recent  volcanic  activity  of  the  island  is  limited  to  this  valley, 
and  almost  all  of  its  earthquakes  originate  there.  It  has  been 
measured  that  the  Graben  is  growing  wider  at  the  rate  of  3,3  a 
per  1000  years  for  every  km  of  its  width. 

The  rift  cutting  across  Iceland  is  I^iagrilong  the  atlantic 
ridge  ("atlantische  Schwelle")  showing  this  to  be  the  result 
of  vlvely  volcanic  activity  accompanying  (or  caused  by)  the 
tearing  process  in  the  rift. 

The  continental  parts  of  this  system  of  rifts  probably 
are  in  many  cases  old  ones,  showing  today  scarcely  any  a^ivity. 
But  the  oceanic  parts  show  themselves  to  be  mostly  in  recent 
activity:  1)  Recent  earthquake  epicenters  are  accumulated 
along  these  rifts.  2)  An  incensified  flux  of  heat  out  of  the 
depth  is  coming  up  in  these  rifts.  3)  Gravimetric  anomalies 
are  known  since  former  years  to  exist  along  parts  of  these 

“  they  prove  that  we  are  observing  here  ^ou^  structures 
in  relatively  rapid  transformation. 
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Kxpanaion  of  th«  oarth  -  contrary  to  tho  foraar  idaa 
of  contraotlon  -  now  aaona  to  bo  a  wall  aatabliahad 
fact.  If  tha  eauaa  of  this  axpanalon  la  Indaad  a 
dlnlnlitlon  of  it  « according  to  Dirac* a  hypothaaiat 
than  thia  la  not  a  apaeial  faatura  of  tha  aarth  -  but 
tha  aarth  gltraa  only  an  axaapla  of  a  unlvaraal  phanoaanon. 

Thera  ara  only  two  othar  ealeatlal  bodlaa  which  could  allow 
ua  any  detection  of  auch  an  axpanalon,  if  real:  Our 
aoon  and  the  planet  Mara. 

Concerning  the  noon  it  la  well  known  that  there  axlatl 
certain  rifta  ("Rillan")  !rid.ch  ara  interpreted  by  tha 
apaclallata  Indaad  aa  proof  of  a  alight  axpanalon.  (Tha 
intareatad  authora  balievad  that  taaparatura  inoraaao 
cauaad  by  radioactivity  night  explain  thia  expanaloi^  In  the  caaa 
of  the  aarth  the  rifta  in  the  oceana  auat,  aa  already 
aaid,  be  Intarpratad  aa  atructuraa  of  abort  duration, 
ao  that  they  cannot  give  direct  infornation  about  the 
total  aaount  of  expanaion  during  long  tinea.  But  the 
rifta  in  the  aurface  of  the  noon  acarcely  can  have  bean 
wiped  out  again  partially  aince  the  tine  of  fornation 
of  the  great  cratera  and  the  naraa.  (Tha  nantlonad  rifta 
ara  younger  foraationa  than  noat  of  the  cratera).  Therefore 
the  aun  of  the  width *a  of  theae  rifta  nay  aeaaura 
the  total  expanaion  of  the  aoon  aince  that  tine  -  it  ia 
in  harnony  with  Dirac  *a  idaa  that  in  the  caaa  of  tha 
noon  tho  total  expanaion  nuat  be  very  aaall  in  conpariaion 
with  tha  earth. 
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Conearning  Mara,  tha  faaoua  "canals"  probably  art  ayaptoaa 
of  axpaasion*  Aa  one  knows,  these  canals  in  former 
times  have  been  the  object  of  wild,  phantastic  speculation 
about  inhabitants  of  Mars  and  their  highly  developed 
technical  activities.  Therefore  during  long  times  it 
seemed  to  be  appaesing  to  believe  that  all  these  canals 
might  only  be  optical  illusions.  But  today  again  the  best 
informed  specialists  are  inclined  to  think  that  these 
"canals"^  though  not  corresponding  to  this  name,  are  real 
phenomena;  and  it  seems  to  be  rational  to  surmise  that  they 
indeed  indicate  expansion  also  of  Mars.  Surely  the  coming 
developments  of  space  research  will  enable  us  to  look 
clear  and  to  get  undoubtable  information  about  this 
problem. 


Speaking  about  the  moon  we  may  also  mention  that 
H._  Krause  ^^from  a  careful  study  of  formations  on  the 
moon  came  to  the  conclusion  that  there  must  have  been 
in  former  ^^^J**^*  real  atmosphere.  At  present  there  are, 
as  one  knows small  traces  of  an  atmosphere  - 
causing  however  that  in  greater  altitudes,  (about  80  km), 
comparable  which  those  which  in  the  case  of  the  earth 


are  the  scene  of  shooting  stars,  the  lunar  atmosphere 
(loosing  density  with  increasing  altitude  much  more  slowly 
then  our  own  atmosphere)  has  the  same  density  as  the 
atmosphere  of  the  earth  in  the  corresponding  altitude, 
so  that  also  from  the  noon  shooting  stars  are  to  be  seen. 


Krause  recognized  on  the  noon  the  existence  •  in  crowds  - 


1)  Die  Sterne,  28,  199(1952) 
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of  f„«u,«.  rtleh  h.  tunk.  .„t  b.  int.rpr.Ud  „  La 
•loa.  ud  u  dMiie  MdlMBts.  If  hi.  iatorproutioB  la 
tb.  corr.ct  OB.,  th.B  it  «uld  b.  „.r..l,  po..ibl.  to  d.B, 
tb.t  th.  BOOB  IB  forMr  tl...  bu  b..B  o.p.bl.  .  i, 
C0B..qB.BC.  of  .  groBtcr  Jt  .  to  blBd  u  .tK,.ph.r.. 


.  r..ult  CO...  fro.  kBo.B  fut.  rtout  Sator.'. 

•oob  hub.  .blob  b«  todv  «  .t«.ph.r.,  but  rtlcb  «uld  . 

to  .  t.  UB.bl.  to  .BlBtaiB  tbl.  .t„. 

•Pbcr.  If  It.  lo,  .„„o.  t..p.r.tur.  .ould  b.  bigb.r 
SHilM  dr«  fro.  tbl.  f.ct  th.  coBcluaioB  that  Tltu  dorlB* 

— .  l-of  bad  about  th.  lo,  t..p.,.tur. 

p“  btiutT"*"* ""  " " " "  - 


P  Tb.  for..tt.B  of  th.  .....  Though  It  ...„ 

that  .xpoBaio.  Of  th.  .„th  -  co.tr^p  to  -at  gaologiat. 
b.U.,.d  durlBg  th«.  a  MBtur,  .  .uat  uo.  b.  co..id.r.d 
M  a  proY.u  fact,  it  rtaaioa  a  cootror.raial  qu.atioa  ab.thar 
th.  .KUBt  of  .,p«,.i0B  aight  b.  g,..t  .Bough  IB  ord.r  to 
•11..  tlK  th.  ph.00..B0B  of  oc.«,  baaia.  to  b.  iatcrprotad 
a.  a  raault  of  «p«..io..  g.  prof.,  to  thiak  that  thi. 
qucatioa  caBBot  p.t  b.  ..id  to  b.  u...r.d  d.fialt.l,. 

But  .troBg  arguacat.  h...  b..a  put  for,«.d  ia  fa.our  of 
thi.  iatarpratatioB  .hich  h«i  b...  gl.cB  iad«p.ad.Btl, 
by  thr*#  diff«r«nt  authora. 

1)  ilJismr  oa«  to  thi.  iatcrpratatioB  of  OC.MI 

baalB.  la  th.  cour..  of  a  di.cu..lo.  (bat....  hi.  «,d  th. 
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author)  of  Dirac *8  hypothaais.  Hla  Idea  haa  been  publlahed 
with  hla  kind  permlaaion  1932  in  a  book  of  the  author.(1). 
Later  on  (1933)  I  tried  to  give  aore  detaila  about  thla 
idea  in  a  aecond  edition  of  the  book* 

2)  L.  Bgyed  1937  gave  the  aaae  interpretation  >  ocean 
baaina  aa  a  reault  of  earth  expanalon  •  at  the  baaia  of 
eaplrioal  facta  of  geology  and  geophyalea.  At  that  time, 
not  yet  acquainted  with  Dirac  *  a  hypotheaia,  he  auggeated 
in  a  apeeulatlve  manner  other  phyaical  eauaea  of  thia 
expanaion.  But  later  on  he  acknowledged  (in  a  letter  to 
the  author)  Dirac ' a  hypotheaia  aa  a  quite  convincing 
explanation  of  this  expanaion,  which  he  ia  inclined  to  think 
of  aa  an  enpirical  fact. 

3)  B«C«  Heeaen  I960  cane  to  the  sane  conclusion  -  expansion 
as  cause  of  ocean  basins  -  and  contributed  very  convincing 
new  material  to  prove  this  conclusion  as  the  correct  one* 
Heeaen  too  discussed  the  whole  matter  strictly  from  an 
empirical  point  of  view,  without  deciding  which  physical  cause 
of  the  expansion  might  be  probable* 

The  author  of  this  report  has  the  impression  that  not 
only  new,  recently  discovered  facts,  but  also  former,  well 
known  results  concerning  the  relations  between  continents 
and  ocean  basins  give  strong  support  to  the  conclusion  of 
strong  expansion,  though  some  authors, as  Dicke  (3)  and  Wilson. 
prefer  to  acknowledge  only  some  weak  expansion  as  a  proven 
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fact*  It  say  therafora  ba  usaful  to  diaousa  In  tha  following 
also  tha  fundanantal  facta  about  continanta  and  oeaana: 

Thay  ara  wall  known,  but  thalr  aignifleanea  has  not  yat 
ganarally  baafljaaan  claarly  anough. 

Fact  ona  is  tha  axlstanca  of  two  diffarant  lavala  of 
altitudaa  on  tha  aurfaca  of  tha  aarth.  This  wall  known 
phanoaanon  is  shown  hara  in  fig  ^  and  fig  3  which  do^not 
nacassitata  datails  of  coamant.  Tha  watar  of  tha  ocaans 
by  chanca  is  sufficiant  to  fill  tha  araas  of  tha  daapar  laval 
just  according  to  tha  altituda  diffaranca  of  tha  two  lavals, 
making  tha  araas  of  tha  daapar  laval  to  ocaan  basins, 
but  covarlng  only  bordaring  districts  of  tha  contlnantal 
blocks,  tha  shalvas.  with  shallow  watar* 

Wa  add  fig  4  in  ordar  to  aaphazlsa  that  tha  Pazlfic 
is,  with  raspact  to  hypsography,  not  assantially  diffarant 
from  tha  othar  ocaans*  This  is  important  bacausa  a  cartaln 
quita  phantastlc  thaory  has  baan  put  forward  according 
to  which  tha  Pacific  would  ba  a  phanoaanon  complataly  diffarant 
in  natura  and  origin  from  tha  othar  ocaans*  Following  tha  idaa 
of  Darwin  that  tha  moon  night  hava  originatad  by  a  procass 
of  saparation  from  tha  aarth,  soma  authors  thought  that  tha 
natarial  of  tha  moon  night  hava  takan  from  an  axtramaly  thin 
surfaca  layar  of  tha  aarth,  covaring  tha  araa  now  baing  tha 
Pacific.  It  is  not  necassary  to  discuss  in  details  tha 
inpossibilitias  of  this  thaorjr  -  fig. 4  is  sufficient  to  show 
it  to  be  an  absurdity.  -  Only  conaarning  their  ages  tha 
Pacific  and  tha  Atlantic  nay  differ  assantially*  As  ona  knows 
tha  existence  of  coral  atolls  in  tha  Pacific,  and  their 
absence  in  tha  Atlantic,  has  baan  interpreted  as  a  symptom 
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that  the  Atlantic  might  be  considerably  younger. 

The  purely  hypaographical  statements  mentioned  above 
have  an  analogon  on  Mars,  where  we  also  find  two  different 
levels  of  altitude.  But  this  differentiation  is  less  radical 
in  the  case  of  Mars:  The  altitudes  of  the  two  levels 
differ  only  by  about  300  to  700  m,  much  loss  than  the 
corresponding  difference  of  about  5  hm  on  the  earth.  The 
areas  of  the  higher  and  of  the  deeper  level  have  on  the 
earth  a  ratio  of  about  2:3*  on  Mars  3!1» 

The  analogy  of  these  features  on  two  different  but 
similar  planets  surely  will  become  the  object  of  much 
research  as  soon  as  expeditions  to  Mars  will  be  possible. 
Today  only  the  earth  gives  us  opportunities  to  study  this 
phenomenon  oi  the  two  different  levels  in  more  details. 

At  first  its  significance  is  emphazised  by  the  additional 
fact,  that  the  continental  blocks  are  limited  by  steep  slopes 
against  the  deeper  level.  Fig  5  gives  examples  of  profile 
showing  this  clearly. 

These  statements  -  in  their  nature  purely  morphological, 
and  concerning  only  the  surface  of  the  earth  -  now  are 
completed  by  the  results  of  research  concerning  the  physical 
and  chemical  properties  of  the  materials  forming  the 
continental  blocks  and  the  bottom  of  the  ocean  basins. 
Gravimetry,  with  its  results  showing  isostasy  as  a  rule 
with  high  significance  -  occasioned  deviations  from  the 
rule  having  too  their  meaningful  si|nificance  -  allows 
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statemantB  about  the  danalty  of  aatarlala  as  wall  as 
about  tha  thieknaaa  of  layara  of  diffarant  danaitias. 
Saiaaographle  Baaauraaaata,  giving  knovladga  about  valooltlaa 
of  aound,  aa  ahown  In  aarthquaka  wavaai  conplataa  our  pbyalcal 
knovladga  of  aatarlala  and  thair  gaoaatrleal  diatrlbutlon. 
Patrographical  analyaa  at  laat  ahova  ua  tha  aatarial 
of  the  continantal  blocka  to  be  alao  chamieally  different 
from  that  of  tha  deep  aaa. 

Without  going  into  dataila  we  remind  tha  wall  known  fact, 
that  tha  aatarial  of  tha  continental  blocka  containing 
a  great  part  of  granitic  and  aiiailar  rocka,  ia  uaually 
called  SIAL  ,  and  that  of  tha  bottom  of  tha  ocean  baalna, 
prevailing  of  baaaltlc  coapoaitlon,  SIMA.  Tha  danaltiaa 
of  tha  two  aatarlala,  though  varying  to  a  certain  degree, 
are  diatinctly  different.  For  Inatanca  aaaBuraaant  of  valoeis 
tlaa  of  aarthaquaka  wavaa  aa  wall  aa  aanplaa  atudlad  patron 
graphically  ahow  that  tha  aatarial  of  tha  Atlantik  Ridge 
auraly  ia  not  alal,  but  aiaa,  together  with  rock  material 
from  tha  depth,  pulled  out  by  volcanic  activity.  The  atrong 
earthquake  activity  along  tha  Atlantic  Ridge  -  in  tha 
vicinity  of  tha  rift  •  ia  not  only  proved  for  tha  praaant 
but  alao  by  age  datarainations  of  aatarial  found  there;  great 
parta  of  thaaa  baaaltlc  rocka  cryatalllaad  out  of  aoltan 
aatarial  only  aoaavhat  laaa  than  10  allllon  yaara  ago,  aa  ahova 
by  nuclear  aathoda  (potaaaiua-argon  aathod). 

The  ocean  baaina  uaually  ahow  only  one  or  a  few  ka 
of  aadiaenta,  vary  little  in  coapariaion  with  tha  huge 
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■«••••  of  ■•dimonta  on  parts  of  tha  eontinaatal 
blocks •  Iha  oontiaoBtal  blocks  ara  layers  of  a  thiekaass 
of  about  33  or  4o  ka,  aad  ibis  thiekaaaa  shows  a  high 
dsgrss  of  coastaaey  la  tha  wfaols  areas  of  eoatiasatal 
blocks;  Otharwlaa  thara  could  aot  ba  this  high  dagraa 
of  iaostasy,  ravaalad  aapirlcally. 

Already  these  facts  •  aost  of  thaa  wall  kaowa  slaca  loag 
years  •  lead  to  coosaquaucas  aot  always  racogaisad 
clearly  aaough#  Tha  dlffaraacas  aot  oaly  concaralog  tha 
lawal  of  altitudes,  but  also  of  chaaiosl,  patrographloal 
coaposltloa  asks  It  iaposslbla  to  ballave  that  aav  aaatioaabla 
traaeforaatloB  of  contiaaatal  areas  lato  deep  sea  aver  has 
takaa  place* 

Take  as  aa  axaapla  tha  Qoadwaaa  laad  of  tha  geologists. 

As  far  as  I  kaow  thara  exists  scarcely  say  disagraaaaat 
oaoag  geologists  as  to  tha  reality  of  Qoadwaaalaad  as  a 
past  broad  bridge  between  Africa  aad  South  Aaarloa.  But 
this  bridge  cannot  have  existed  in  any  other  fora  than 
by  geoaetrical  vicinity  of  those  aasses  of  sialic  aaterial 
which  also  today  fora  both  the  aeatioaed  great  eontinaatal 
blocks. 

Therefore  Wejeaer^  well  known  theory  of  "Kontlnental* 
Waaderuagen"  caaaot  be  so  false  as  it  has  been  assuaed 
to  be  during  soae  tlae  by  aost  geologists.  In  the  contrary 
soae  parts  of  the  content  ^f  this  theory  aust  be  acknowledged 
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M  unavoldabla  truth. 

Tht  grtat  difficulty  of  W»gantr*a  theory  in  ita  original 
fora  waa  tha  lack  of  forcaa  ahleh  would  ba  abla  to  eauaa  tha 
auppoaad  aowanaat  of  tha  great  eontinaatal  blooka 
on  the  aphara  of  tha  earth.  Thla  difficulty  haa  bean 
thoroughly  dlacuaaad.  froa  a  phyaical  point  of  Tlawi  by 
Jaffraya  (24).  Hla  criticiaa  indeed  aaaaa  to  ahow  that  tha 
old  fora  of  thia  theory  la  phyaically  uatanabla.  But  now 
apart  froa  tha  conaidarationa  above  palaaoaagnatlaa  givaa 
atrong  aupport  to  tha  idea  that  tha  continental  blocks 
parforaad  great  aovaaenta  rahativa  to  each  other,  aiallar  to 
what  Waganar  btliavad.  Therefore  it  la  a  raaoval  of  difficulties 
otherwise  scarcely  to  ba  ovarcoaa  if  now  Dirac* a  hypothaaia 
allows  ua  to  understand  earth  axpanaion  as  a  sufflolant 
causa  to  draw  the  different  parts  of  tha  contlnantal-blook- 
layar  froa  each  other. 

Another  consaquanca  of  tha  fundaaantal  facts  about 
continental  blocks  and  ocean  basins  is  tha  iapoasibility 
of  what  has  bean  called  tha  growth  of  continanta. 
lapirically  one  knows  11  so  called  kernels  of  continents 
("Kontlnantalachilda")-  areas  in  which  vary  old  rooks  (2  to  3 
Billiards  of  yaand  are  lying  at  the  surface,  aurroundad  in  a 
Bora  or  leas  concentric  Banner  by  other  cones  praaantlng  younger 
rocks  (for  instance  800  to  1200  Billions  of  years)  at  tha 
surface  •  savaral  such  cones  are  following,  so  that  tha 
inpraasloa  of  a  real  ''growth"  of  tha  coatiaants  during 
geological  ages  arose.  But  that  Bust  ba  a  aiaintarpratation 
of  tha  facts. 


J»T.  Hlaott  (20)  and  other  authors  are  convicted  that  the 
growth  of  continents  nay  be  a  real  fact  of  the  past.  According 
to  his  theory  the  whole  mass  of  sial  originated  in  deeper 
layers  of  the  crust  of  the  earth,  being  brought  to  the  surface 
by  volcanic  activity,  leading  to  the  formation  of  mountain 
ranges.  This  idea  is  improbable  already  because  the  material 
brought  to  the  surface  by  strong  and  great  volcanic 
eruptions  is  not  of  the  sial  type,  but  belongs  to  those  other 
types  of  rocks  forming  deeper  layers,  which  only  by  volcanic 
activity  become  occasionally /For  us;  to  assume  granitic 
layers  below  the  basaltic  ones  of  the  sima  seems  to  ba  scarcely 
plausible.  The  atlantic  ridge  shows  very  clearly  that 
volcanic  activity  in  the  deep  sea  does  not  produce  sialic  matter 
-  we  mentioned  already  this  modern  knowledge  about  the 
material  of  the  Atlantic  Ridge,  which  shows  also  that  the 
latter  cannot  be  interpreted  (  as  has  been  done  at  the  basis 
of  Wegener  *8  theory)  as  sialic  material  left  back  from  the 
separation  of  Africa  and  South  America.  Another  point  of  severe 
criticism  against  this  theory  of  J.T.  Wilson  is,  that 
Mars  shows  too  tne  phenomenon  of  two  different  hypsographic 
levels,  though  volcanism  (and  mountain  ranges)  are  absent  there. 

The  existence  of  continents  and  ocean  -  or  more  precisely 
the  existence  o^  a  sial  layer,  "swimming"  in  the  more  dense 
sima  layer,  possessing  nearly  constant  thickness,  but 
covering  only  2/^  of  the  surface  of  the  earth  -  is  surely 
one  of  the  great  problems  of  naturaQ  sciences.  Two  theories 
trying  to  give  an  explanation  have  already  been  mentioned 
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•bov«:  The  phantastic  theory  taking  reference  to  the 
hypothetical  aeparation  of  the  noon  from  the  earth,  and 
secondly  the  theory  of  J.T.  Wilaon  against  which  severe 
arguments  of  criticism  must  be  put  forward.  A  third  theory, 
by  Hilla  and  Jeffreys  (24)  nay  only  be  mentioned  as  existing. 

It  seems  to  me  to  be  scarcely  convincing,  and  its  appliwation 
to  the  corresponding  features  on  Mars  has  never  been  discussed. 
Some  authors  today  would  prefer  to  believe  that  slow 
convection  currents  in  the  mantle  of  the  earth  night  have 
caused  that  the  material  of  the  continents  is  united  in  a 
layer  covering  only  2/5  of  the  surface.  But  this  is  not  a 
theory  but  only  an  idea  or  an  hope;  and  an  idea  which  scarcely 
can  be  brought  into  harmony  with  the  constant  thickness 
of  the  continental  blocks. 

The  '^theory  of  strong  expansion  of  thejiarth  "  explains  the 

phenomenon  in  the  following  manner,  (J,  Fisher,  published 

1952  in  my  book;  L.  Egyed  1957;  B,C,  Heesen  (i960),) 

The  sial  layer  at  the  time  of  its  original  formation  -  already 

with  its  present  thickness  -  surrounded  the  whole  earth,  which 

therefore  at  that  time  must  have  had  a  radius  which  amounted 

to  about  i  2/5  times  the  present  one.  The  growth  of  this 

radius  tore  the  sialic  layer  to  several  pieces,  identical 

with  present  continental  blocks.  Fig  4  ,  according  to 

Heezen.ehowa  schematically  the  process  of  formation  of  the  Atlantic, 
including  the  ridge. 

This  evidently  explains  the  facts  which  have  been  aislnterpre* 
ted  as  "growth  of  continents'*;  The  water  of  the  sea  muat  have 
covered  great  parts  of  the  continental  blocks  when  the  area 
of  the  ocean  baains  was  still  considerably  smaller  than  today. 
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Egyed  fron  a  careful  study  of  the  geological  charts  from 
Ternier  and  of  those  of  Strahoa  gave  a  very  eonvinclng  proof 
that  this  so  called  "growth  of  continents"  persisted  also 
during  the  last  300  Billion  years,  fron  the  oaabrliui  till  now. 

His  results  are  shown  in  fig  ^  .  We  see  here  •  according  to 

his  Interpretation  of  the  facts  -  that  those  parts  of  the  contl> 
nental  blocks  which  were  covered  with  water  decreased  from  about 
30  %  or  even  80  300  Billion  years  ago,  to  practically  zero 

today. 

Additionally  it  may  be  aentioned  that  sedlBents  with  an  age 
of  about  2«10^  years  contain  scarcely  any  sandstone.  This  seems 
to  be  understandable  from  the  Idea  that  at  that  time  perhaps 
all  those  parts  of  the  continents  which  are  not  higher  than 
2  km  Bay  have  been  still  covered  by  water j  so  that  there  existed 
no  sufficient  areas  to  assort  fragments  of  rocks  in  order  to 
produce  sand. 

The  interpretation  of  continental  blocks  and  ocean  basins 
according  to  the  indicated  idea  of  Fisher,  Egyed,  Heezen 
wins  support  from  well  known  facts  about  the  "Inselglrlanden". 
This  phenomenon  -  seen  for  instance  at  the  eastern  coasts  of  Asia 
-  has  been  cleared  convincingly  by  seisaic  research.  Such  an 
arc  of  Islands  is  lying  in  the  cut  of  a  certain  cone  with  the 
surface  of  the  earth  -  the  cone  having  an  axis  of  radial 
direction,  and  the  point  of  the  coi^e  lying  in  depth's  up  to 
300  ka. 

That  segment  of  the  cone  which  is  indicated  by  the  arc  of 
islands  is  an  area  where  numerous  centres  of  earthquakes 
(Erdbebenherde)  are  situated:  It  is  understood  at  the  baala  of 
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'thorough  gtophyoleal  rosoarch  that  thaao  oarthquakos  art 

eauaad  In  aueh  a  aannar  that  "Sehtrunga-Spaanungan"  in 
the  aina  cannot  exceed  a  certain  aaximal  value  without 
giving  rlae  to  an  earthquake.  The  tenalon  along  this  aegnent 
of  the  cone  area  meana  that  the  matter  Inal da  thla  aegment 
alonly  la  ralaed  and  put  upward  relative  to  the  alna 
outalde  of  the  cone  aegnent.  Thla  Interpretation  of  the 
altuatlon  nuat  be  acknowledged  aa  well  founded  and  proven. 

Moat  authora  have  aeen  In  theae  facta  a  conflrnatlon 
of  contraction  of  the  earth.  But  thla  conclualon  ceaaea 
to  be  convincing  If  we  try  to  give  an  explanation  alao  for 
the  further  fact  that  the  polnta  (Spltzen)  of  theae  conea 
uae  to  ly  below  the  continental  blocka,  near  their  narglna, 
ao  that  the  are  la  concave  to  the  continent  and  convex 
to  the  ocean.  Thla  law  la  not  explained  by  the  facta  and 
Ideaa  nentloned  above;  but  It  can  be  eaaily  underatood 
at  the  baala  of  expanalon  theory.  Expanalon  of  the  earth 
with  growing  ocean  baalna,  but  conatant  area  of  continental 
blocka  neceaaltatea  a  certain  flux  of  alma  material  from 
below  the  continental  blocka  to  the  ocean  baalna  •  where 
the  aurfaae  of  the  alna  la  altuated  only  about  ^  km  deeper 
than  that  of  the  contlnenta,  agalnat  about  40  km  there  where 
the  contlnenta  are  awinaing  In  the  alna. 

Only  with  thla  aupplement  the  geophyaical  theory  of  laland 
area  beconea  really  convincing  >  and  at  the  aame  time  a 
new  aupport  for  the  expanalon  theory.  But  it  nuat  be  mentioned 
that  T.J.  Wilaon  put  forward  the  idea  that  all  greater 
aountaln  rangea  might  be  area  of  a  almllar  character  aa 
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the  isluid  ATO*  Ha  gAVA  no  IndlCAtion  of  Any  idoA  to 
AxplAin  such  A  phAnoAAnott  At  the  bAsis  of  physlCAl  Iaws; 
his  pur sly  norphologicsl  ondsAvour  to  show  thst  gsogrsphy 
of  AountAin  rAsgos  sAy  bs  dAscribsd  in  this  mAnnsr  doss 
not  sAsm  to  no  to  prove  Anything* 

Also  the  study  of  pAlsAonAgnetisn  seens  to  give  support 
to  the  Axpsnsion  theory  of  ocesn  bssins.  At  first  it  may 
be  nentionod  that  palaeomagnetisn  seems  also  to  show  the 
fact  that  the  two  magnetic  poles  of  the  earth  in  the  past 
repeatedly  performed  a  permutation  -  the  magnetic  field 
of  the  earth  diminishing  towards  zero  and  then  reestablishing 
itself  with  permutation  of  the  poles.  This  is  in  harmony 
with  the  fact,  that  also  the  sun  showed  such  permutation, 
and  other  magnetic  stars  too  -  perhaps  stars  with  a  constant 
magnetic  dipole  do  not  exist,  and  all  endeavour  to  explain 
their  existence  as  a  consequence  of  known  physical  laws 
has  been  useless*  The  problem  to  explain  variable  magnetic 
stars  has,  as  far  as  I  know,  not  yet  been  discussed 
theoretically.  Maybe  this  problem  may  lead  to  a  dtcisive 
proof  in  favour  of  the  theory  of  varying  ^  ;  but  nobody 

knows  anything  about  this  point. 

Apart  from  this  mentioned  permutations  of  the  magnetic 
poles  of  the  earth  palaeomagnetic  measurements  show 
continous  variations,  in  the  past,  concerning  the  magnetis 
sation  of  different  parts  of  the  continents*  Endeavour  to 
give  an  explanation  of  the  empirical  facts  has  lead  to 
application  of  the  often  discussed  idea  of  wandering  of 
the  poles*  Ibis  idea,  though  many  authors  are  inolined 
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to  beliovt  In  it,  It  in  rtnlity  not  vtry  plnutlblt.  Son# 
authors  are  eontlnetd  that  tha  polta  during  soma  gaological 
times  ware  situated  at  placet  in  the  tropical  zone  -  it 
seems  to  be  never  realised  that  in  auch  a  caae  alao  the  polar 
flattening  of  the  earth  nuat  have  made  a  corraapondlng 
"wandering"!  meaning  a  conaiderable  deformation  of  the  earth. 

But  immediately  from  the  pal aeo magnetic  data  it  became 
viaible  that  any  hypothesia  of  pole  wandering  ia  not  suitable 
to  interpret  the  facts.  For  the  attempt  to  reconstruct  from 
these  dates  the  way  along  which  the  north  pole  nuat  have  made 
its  wandering  gave  totally  different  results  if  one  used 
data  from  Europe,  India,  Australia,  North  America  -  the  beginning 
of  the  reconstructed  way  must  have  been  situated  in  the 
pacific,  in  South  America,  in  Africa  and  again  in  the  Pacific, 
but  far  away  from  the  other  point  (won  from  the  European 
data) . 

But  Heezen  announced  that  by  a  systematic  reinterpretation 
of  all  available  data  came  to  the  result  that  not  pole  wandering 
is  necessary  if  one  assumes  expansion  of  the  earth,  strong 
enough  to  explain  the  ocean  basins  aa  indicated  above,  and 
separation  of  the  continents  in  consequence  of  this  expansion. 
Details  of  this  important  discovery  of  Heezen  are  not  yet 
published.  But  perhaps  they  will  settle  the  matter  definitely. 

As  a  last  support  to  the  theory  discussed  here  it  may  be 
mentioned  that  erosion  today  is  strong  enough  in  order  to  have 

Q 

given  in  the  course  of  3*10  years  a  mass  of  sediments 
amounting  to  about  the  total  mass  of  the  sial*  (20).  Thia 
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would  give  a  severe  paradox  if  not  according  to  the  theory 
discussed  above^in  the  past  -  with  nuch  snaller  land  areas 
than  today  -  erosion  must  have  been  too  considerably  smaller# 

H «  Flohn  ^recently  gave  a  very  instructive  discussion 
of  a  great  part  of  the  problems  discussed  in  this  chapter 
here.  He  did  not  yet  take  into  consideration  Dirac »s  hypothesis 
so  that  his  results  cannot  be  comparable  to  ours;  but  in  many 
respect  they  are  apt  to  give  support  and  also  supplements 
to  our  considerations  here. 

must  be  regarded  an 
important  contribution  to  a  better  understanding  of 
volcanism*  Indications  of  his  ideas  are  given  with  his 
kind  permission  in  the  second  edition  of  my  mentioned 
book  (1)  and  in  my  two  articles  about  the  expansion  of  the 
earth  (2),  A  full  representation  of  Binge* a  idea  will  be 
published  in  the  future.  Here  I  include  a  sketch  of  the 
main  points. 

As  already  said  above. Mars  does  not  show  any  volcanism; 
and  concerning  our  moon  Baldwin ' s  thorough  discussion  seems 
to  me  to  have  proven  that  th«('*craters"  of  the  moon  are  not 
of  volcanic  origin^  but  results  of  the  impact  of  numerous  a 
neteoritic  bodies. 

The  circular  symmetry  of  these  craters  and  the  absence 
of  lava  production  are  facts  easily  to  be  understood  at  the 

1)  Maturwiss.  Rundschau,  1959.  P«ge  375. 


§?>rir.J.  Binge  gave  what  I  think 
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basis  of  the  lapse t  theory ,  but  not  explainable  by 

hypotheses  of  eruption*  Nearly  In  all  eases  the  mass  of 

the  elreular  wall  equals  the  deflelt  of  aass  In  the 

Interior.  The  distribution  of  eraters  la  determined  by  chance 

-  showing  not,  as  volcanos  at  the  earth  do,  lines  of 

weaker  reslstenee*  The  central  cones  which  are  to  be 

found  in  many  craters  have  been  explained  by  Schardin 

as  result  of  "implosions"  following  the  explosions 

caused  by  the  impact.  Recently  the  occasional  occurence  of 

gaseous  explosions  on  the  moon  has  been  proved*  But 

these  seem  to  be  phenomena  entirely  unconnected  with  the 

processes  which  caused  the  formation  of  moon  craters. 

Summarising  these  hints  we  seem  to  be  justified  to  say 

that  the  moon  as  well  as  Mars  does  not  show  any 

phenomenon  comparable  with  our  volcanism. 

We  do  not  yet  know  whether  Venus  and  Mercury  have 
volcanoes;  but  what  we  know  is  certainly  favourable  to 
Binge’s  conviction  that  among  celestial  bodies  of  the 
type  of  the  inner  planets  possession  of  volcamoes  is 
dependent  upon  a  minimum  mass  -  this  lying  between  those 
of  Mars  and  the  earth.  Therefore  Mercury  should  have  no 
volcanoes;  but  Venus  probably  must  have  them  -  nearly  to  the 
same  amount  as  the  earth.  /Recording  to  Binge  this  situation 
means  that  gravitation  is  a  determining  factor  in 
volcanism;  and  without  using  Dirac ’s  hypothesis  no  correct 
interpretation  of  volcanism  can  be  given* 


Otology  knows  ns  s  frsqusnt  oeeurtnet  ■ngwntie  nststt 
oonlng  fron  Inytrs  btlow  ths  crust  snd  hsvlng  risen  into 
blghtr  Isytrsi  in  asny  essts  (though  not  nil)  tvtn  to  the  tur« 
fsot  of  the  tsrth.  Volesnots  srt  only  s  spteisl  esst  of  this 
nort  gtntrsl  proetss  of  ssctnding  nsgns  -  in  volosnots  the 
rising  nsttsr  const  into  ths  open,  whsrsss  in  ths  nors 
nuasrous  estss  of  "intrusions"  ("plutons";  "subvolcsnoss") 
ssosndiiM;  asssss  hsvs  bssn  stopped  below  tbs  surfsos. 
Though  not  nil  volcanic  nstsrisl  is  coming  froa  great  dspthSi 
s  series  of  rocks  as  duaits«  sspentinits,  sologits  would  be 
unknown  to  us  without  volcanisn  and  intrusions:  Coming  fron 
the  depths,  they  would  never  been  found  in  regions  sttainsble 
to  asn  without  these  processes  bringing  asterisl  froa  the 
depth  to  or  near  to  the  surface. 

Volcanoes  at  Hawai  and  at  %and,  putting  out  basic  lava, 
show  that  isostasy  does  not  aean  any  hindrance  against  such 
processes.  The  kiaberllt  (with  diaaonds  in  it)  made  its  rising 
process  in  an  explosive  nanner,  fornlng  "Durchschlagsrobren". 
Intrusions  not  attaining  the  surface  often  have  the  result 
of  raising  great  masses  above  then.  For  instance  "bysnallthes" 
pieces  of  rocks  fron  the  depth  rising  in  syllndrlcal  or 
conpoal  fora,  can  raise  by  masses.  In  the  Yellowstone-Park 
layers  fron  Cambriun  to  Carbon  have  been  raised  by  bysnallthes 
Many  further  exanples  show  the  huge  forces  driving  such  rising 
magnetic  natter.  The  russlan  geologist  Fersnann  wrote  about 
a  bysnalith  at  Cola:  "The  nechanlsa  of  intrusion  can  only 
be  interpreted  as  explosive  eruption."  Also  the  laccolitbes, 
showing  spreading  of  of  the  aagna  through  canals  and  groves  of 
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th*  rocks,  can  rais*  tho  layara  abova.  Bapaoially  axploalva 
aaaa  to  hava  beta  tha  procaaaaa  forainf  "aacka”;  tha  layers 
above  the  riaiag  material  has  beea  throva  away.  But  ia  some 
of  these  eases  the  eruptive  material  has  aot  the  character 
of  tuff,  but  of  maaaiva  rocks  from  the  depth  -  giviag  the 
impreaaioa  that  aot  gaseous  matter  has  beea  active  in  the 

explosioa,  but  only  an  increaaing  volume  of  rocks  caused  the 
process. 

This  last  remark  leads  us  already  to  Binge* a  decisive 
conclusion:  The  primary  process  of  rising  wgaa  is  a 
phase  transformation  of  rock  material,  leading  from  more 
dense  material  -  showing  stability  at  higher  pressure  -  to 
more  voluminoua  material,  showing  stability  at  lower  pressures. 
Rittmann  (10)  who  already  recognised  clearly  the  explosive 
character  of  volcanic  or  intrusional  activity,  emphasised 
"Entgasung"  (separation  of  solid  or  fluid  matter  from  gases 
contained  in  it)  as  a  decisive  factor  in  magmatic  explosions. 

It  is  not  necessary  to  deny  the  importance  of  this  process 
emphasised  by  Rittmann;  but  the  other  possibility  hinted  at 
by  Binge  probably  is  of  still  greater  importance.  Binge 
(still  unpublished) gave  interesting  details  about  petrographic 
processes  leading  to  a  decrease  of  density,  as  assumed  in  his 
theory  of  intrusions  and  volcanic  activity.  But  I  prefer  to 
discuss  here  only  his  chief  idess.  He  comes  to  the  conclusion 
thst  during  geological  evolution  a  monotonuous  decrease  of 
gravitational  pressure  must  be  acknowledged  as  primary 
cause  of  intrusions  and  volcanism. 
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Indt«d  tbta«  magaatic  axplosloas  show  that  tha  sarth 
-  In  its  crustal  and  suberustal  layers  -  Is  In  a  condition 
of  instability;  and  thsrs  exist  only  two  logical  possibilities t 

1)  To  aaauae  that  this  instability  is  produced  by  processes 

9 

during  the  foraation  of  the  earth,  several  10  years  ago; 
or  2)  to  ascribe  this  instability  to  a  cause  working  without 
interruption  since  the  foraation  of  the  earth,  also  today; 
and  causing  a  alow  change  of  the  physical  conditions  deters 
ainlng  the  structure  of  the  earth. 

Any  hypothesis  in  the  direction  1)  necessarily  leads  into 
scarcely  tenable  physical  ideas.  Also  Rittaann*s  endeavour 
to  present  a  theory  of  the  origin  of  planets  which  could 
give  a  basis  for  his  interpretation  of  volcanisa,  seeas 
to  be  to  ae  not  convincing.  Thinking  about  the  possibility 

2)  there  surely  reaains  Piraeus  hypothesis  as  the  only 
idea  hitherto  discussed  of  this  kind. 

Systeaatical  decrease  of  )c  nust  lead  to  a  transf or nation 
of  rocks  fron  high  pressure  phases  to  low  pressure  phases. 

In  the  case  of  an  infinitely  slow  decrease  of  X  the  rocks 
would  be  at  every  tine  in  that  phase  which  shows  stability 
under  the  corresponding  pressure.  But  the  decrease  of  Xy 
though  very  slow,  is  already  fast  enough  in  order  to  guarantee 
that  the  phase  trsnsforaations  could  not  go  on  fast  enough 
to  give  continuous  acconodation  to  the  decreasing  pressure. 

It  is  well  known  that  phases  of  solid  naterial  oan  exist 
very  long  tiaee  as  aetastable  phases  under  conditions  of 


pressure  and  tenperature  which  give  to  other  phases  the  absolute 
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stability.  Therefore  it  la  a  very  natural  conclusion 
that  accomodation  of  tha  rock  layers  to  the  decreasing 
pressure  is  performed  with  delay,  and  then  in  the  manner 
of  explosive  transformations  from  instability  to  stability. 
Afterwards,  having  seen  the  ability  of  Dirac 's  hypothesis 
to  make  volcanic  activity  and  intrusions  understandable, 
one  may  be  inclined  to  say  that  without  this  hypothesis 
the  facts  of  intrusion  and  volcanoes  would  be  unexplainable 
indeed. 

Binge  sees  a  proof  for  an  effective  decrease  of  gravitational 
pressure  still  during  the  last  !?00  millions  of  years  in  the 
fact  that  in  some  districts  geology  can  show  that  in  the  course 
of  geological  periods  volcanism  put  upwards  magmatic  materials 
from  increasing  depth.  That  must  not  mean  that  the  decrease 
of  Pc  itself  has  still  been  considerable  during  these 
300  million  years:  It  can  also  be  interpreted  thnk  that 
the  expansion  of  the  whole  earth  -  delayed  too  by  conditions 
of  metastability  -  has  been  performed  partially  during  these 
last  300  million  years  in  supplementary  accomodation  to  a 
decrease  of  performed  already  in  former  periods. 

This  last  point  will  be  discussed  further  in  the 
beginning  of  the  next  chapter. 

At  the  end  of  these  considerations  the  great  problem  of 
the  formation  of  mountain  ranges  may  be  mentioned  -  objet 
of  so  many  conflicting  theories.  Surely  a  clear  judgement 


of  this  probloa  haa  bean  aada  acre  difficult  than  ntoaaaary 
by  the  clrcaaatance  that  even  tha  pura  facta  of  the  aattar 
have  baooaa  controvaraial  -  theoretical  or  hypothetical 
ideaa  having  Influenced  alao  the  judgaent  concerning  the 
facta*  Nuaeroua  authora  have  been  inclined  to  apeak  about 
perloda  of  aountain  folding  and  perloda  of  abaence  of  folding 
("Faltungazelten"  und  "Ruhezelten")  aia  If  they  were  talking 
about  proven  facta  -  Inatead  of  acknowledging  all  theae 
Ideaa  of  world  wide  periodicity  concerning  formation  of 
aountain  rangea  aa  purely  hypothetical  -  and  certainly  falae, 
aa  we  know  now.  Naturally  in  any  amaller  geographical  diatrlct 
there  have  been  alternatingly  perloda  of  tectonic  activity 
and  inactivity*  But  all  Ideaa  of  world  wide  alternating 
perloda  of  this  kind  -  or  even  periodicity  in  thia  reapect  - 
are  entirely  speculative  onea*  in  clear  contraat  to  the 
reality*  This  has  been  made  probable  already  by  the  cn.tical 
discussion  given  in  the  beautiful  and  instructive  little  book 
of  Simon;  and  it  has  been  proven  beyond  any  doubt  since 
methods  of  nuclear  physics  made  it  possible  to  get  systematic 
geological  information  concerning  the  last  3*10  years,  Instead 
of  the  5*10  years  of  older  geology*  A  very  instructive 
analyse  of  the  new  situation  concerning  geological  theories 
has  been  given  by  Wilson,  Russel  and  McCann-Farquhar  (16)* 
Summarising  we  state  here  only  that  the  process  of  formation 

1 )  W*  Simon,  Zeitmarken  der  Erde.  Braunschweig  19^8* 
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of  ■ountaln  rangts  has  bass  in  activity  during  the  last 
3*  10^  ytars  vlthout  intsrruptiont 

Suraly  this  procass  -  eonnactad  with  aruptlva  procassasi  but 
probably  in  such  a  aannar  that  both  proeassas  ara  to  a  car tain 
dagraa  indapandant  from  aach  othar  -  shows  savors  coapllcatlons, 
which  to  discuss  in  datails  is  beyond  the  scope  of  this 
Report.  But  it  nay  be  anphazisad  that  the  theory  of  earth 
expansion  contributes  one  totally  new  idea  to  this  discussion: 
The  continental  blocks  must  have  bean  dafornad  in  a  banding 
process,  resulting  from  the  increase  of  the  radius  of  the 
earth.  Perhaps  this  is  exactly  the  governing  factor  of 
■ountaln  folding. 

§  6.  Palaaoclinatology.  As  already  nantionod  above, according 
to  Dirac  *s  hypothesis  the  radius  of  the  orbit  of  the  earth 
must  have  bean  smaller  in  the  past,  therefore  the  earth  received 
in  the  past  more  radiation  from  the  sun. 

Going  into  the  sane  direction,  but  much  more  Important 
is  another  consequence  of  Directs  hypothesis:  The  production 
of  radiation  by  the  sun  according  to  astrophyslcal  theories 
is  proportional  to  shown  in  the  well  known 

astrophyslcal  formula  iX  iX 

The  radius  R  being  too  dependent  upon  ^  ,  what  one 
calls  the  "solar  constant"  must  have  been  during  geological 
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1 

ages  proporticaal  to  about  ^  .  That  neans  that  the  solar 

constant  has  been  greater  than  today: 

about  2%  one  alllion  years  ago; 
about  30^  during  the  carbon. 


These  consequences  of  Dirac  * s  hypothesis  lead  us  to  an  entirelf 
changed  picture  of  climatic  development  in  the  past.  It  has  to 
be  discussed  carefully  whether  the  known  empirical  facts  are 
in  accord  with  these  strong  consequences. 

At  first  let  us  consider  the  palaeozoic  aspects.  Teller  (6) 
who  has  been  the  first  one  to  emphazise  the  importance  of 
the  ^  formula  above  in  connection  with  Dirac 's  hypothesis^ 
was  inclined  to  interpret  the  mentioned  consequence  of  this 
hypothesis  as  a  proof  that  the  hypothesis  must  be  false: 

Organic  life  in  palaeozoic  ages  would  have  been  impossible 
under  such  conditions  of  solar  radiation.  But  ter  Haar  (13) 
put  forward  the  idea  that  such  amounts  of  solar  radiation 
might  have  caused  the  earth  to  be  covered  by  closed  strata 
of  clouds.  As  one  knows.  Venus  presses  such  closed  layers  of 
clouds  -  some  authors  believe  them  to  have  a  li  thickness 
of  the  order  of  100  km.  Now  the  solar  constant  relative  to 
Venus  is  about  4  tines  that  relative  to  the  earth;  and 
conditions  on  Venus  are  therefore  considerably  more  extreme, 
than  on  the  palaeozoic  earth*-  according  to  Dirac 's  hypothesis. 
But  it  seems  at  least  plausible  that  an  increase  of  the 
solar  constant  to  130%  or  200%  of  its  present  value  would 


-  43  - 


cause  not  a  great  Increase  of  surface  temperature,  but 
in  the  first  line  an  increase  of  cloud  masses* 

Now  there  are  empirical  facts  favouring  decidedly  this 
idea*  R«  Potonit  (14)  gave  a  very  suggestive  discussion 
of  climatic  conditions  in  the  carbon.  These  conditions 
are  to  be  characterised  as  an  astonishing  homogenity  and 
uniformity  of  a  iumid  climate  free  from  frost,  with  constant 
abundance  of  rain.  (Coal -layers  are  extended  from  the  Ant* 
artic  continent  til  Spitsbergen).  The  humid  air,  frequent 
showers  of  rain,  perhaps  also  hall,  and  the  wide  districts 
of  swamps  and  water  covered  areas  have  been  combined  with 
extreme  uniformity  of  the  climate  in  its  geographical 
distribution  as  well  as  in  its  temporal  course*  The  trees  have 
no  annal  rings  CJahresringe”),  a  fact  proving  smallness  of 
seasonal  variation.  Temperatures  of  10  to  12^  Celsius 
seem  to  have  been  maintained  -  without  great  variation  - 
in  great  parts  of  the  continents. 

Already  these  facts  obviously  are  in  best  accord  with 
the  idea  that  closed  layers  of  clouds  -  radiated  by  the  sun 
about  ^0%  stronger  than  today  -  caused  this  uniform 
and  extremely  humid  climate  below  them*  But  according  to 
Potonil  there  are  still  more  facts  of  high  significance* 
Botanical  details  prove  the  carbon  flora  to  have  been  a 
shadow  flora*  Ferns  are  still  today  shadow  plants  -  unable, 
according  to  experimental  studies,  to  be  stimulated  by  periodic 
light  effects*  Potonit  himself  concluded  that  the  structure 
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of  the  carbonic  woods  thewselves  must  have  caused  deep, 
dark  shadow  In  then  -  comparable  to  tropical  virgin  forest 
today.  But  he  then  encounters  the  difficulty  that  high  trees 
of  the  carbonic  woods  gave  only  very  little  shadow.  Suamarl« 
sing  we  may  be  allowed  to  say  that  the  empirical  facts 
about  the  climate  of  the  carbon  not  only  are  in  accord 
with  the  idea  of  closed  cloud  layers,  but  seem  to  prove 
the  correctness  of  this  idea. 

But,  as  emphasised  by  Lotze  (15) «  great  stocks  of  salt 
are  known  also  from  periods  before  the  carbon  (oambrium  to 
devon).  Therefore  drying  of  considerable  areas  of  shallow  sea 
must  have  been  performed  already  during  these  periods. 

Taking  regard  to  Dirac "s  hypothesis  this  fact  perhaps  must 
not  necessarily  be  interpreted  as  result  of  great  areas 
having  no  clouds  during  long  times.  Also  districts  with 
a  relatively  thinner  layer  of  clouds  may  have  been  free 
during  long  tines  from  rain,  in  consequence  of  a  solar 
constant  amounting  to  150%  or  200->250%  of  its  present  value. 

A  famous  problem  of  palaeoclimatology  is  given  by  the 

palaeozoic  glacial  periods.  Several  of  these  are  known,  also 
1) 

in  the  devon  and  in  the  pern.  Conspicuous  is  the  circumstance 
that  the  symptoms  of  this  glaciation  in  the  past  are  found 
chiefly  along  the  equator  and  its  vicinity  ,  and  everywhere 
in  this  zone:  South  America,  Africa,  South  Asia,  Australia. 


1)  O.H.  Schindewolf,  Akad.  Niss.  u.  Liter.  Mainz  1931,  S.  1 
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Mmij  authors  saw  in  thsss  facts  a  proof  of  tb#  eorractaasa 
of  hypothssss  of  pol#  waadsrings:  According  to  this  inter* 
pratation  the  polos  must  have  had  in  the  past  ropoatodly  plaeoa 
noar  the  equator  -  and  nearly  each  place  along  the  equator 
must  have  been,  at  a  certain  tine,  the  place  of  one  of 
the  poles. 

Our  endeavour  to  discuss  the  (unavoidable)  consequences 
of  Dirac's  hypothesis  leads  to  another  interpretation* 

The  closed  layers  of  clouds  which  seen  to  be  unavoidable 
for  palaeozoic  tines  must  have  had  a  naxinun  of  thiokness 
in  the  tropical  zone.  Therefore  it  night  have  been  possible 
that  not  the  poles  but  the  equatorial  zone  has  been  in  the 
past,  several  hundred  nillion  years  ago,  the  pfeferred  zone 
of  glaciations;  These  huge  nasses  of  clouds^ above  what  we  now 
call  the  tropica, may  have  produced  in  some  periods  nasses 
of  snow  not  being  able  to  be  nolten  fast  enough  in  order 
to  avoid  accumulation.  Though  seeming  paradox  at  first  sight, 
this  idea  certainly  is  not  more  paradox  than  for  instance 
the  well  known  fact  that  the  stratosphere  today  has  lower 
temperature  at  the  equator  than  at  the  poles;  and  it  nay 
be  mentioned  also  that  some  tropical  high  mountain  zones 
today  are  covered  by  snow  not  in  their  winter,  but  in 
their  summer  season  -  for  then  the  amount  of  falling  snow 
is  considerably  greater  (C.  Troll). 

This  perhaps  quite  "revolutionary"  interpretation  of 
pplaeozoic  glaciations  can  perhaps  give  also  a  solution 
of  another  vexing  problem.  It  is  well  known  that  there 
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tli#M  •xiat  in  the  oetana  "guyota",  mountaina  with 
horizontal  abraiaion  araaa  C'Taf elbarga'^,  ahowing  that 
during  long  parioda  in  the  paat  the  aurface  of  the  aea 
haa  bean  at  the  altitude  of  theae  abraiaiona.  Theae  are 

lying  partly  about  1500  m  below  the  aurface  of  the  preaent 
oceaaa. 

It  ia  well  known  at  the  other  hand  that  during  the 
Inat  glaciationa,  in  the  laat  600  000  yearn,  that  the 
accuaulation  of  huge  oaaaea  of  ice  reduced  the  aurface 
of  the  oceana  to  altitudea  lower  than  now,  to  the  order 
of  100  a.  It  aeema  to  be  acarcely  poaaible  to  find  any 
other  explanation  of  the  guyota  than  to  conclude  that  there 
exiated  perioda  in  the  paat  during  which  huge  glaciationa 
subtracted  water  from  the  oceana  in  aaounta  even  much 
greater  than  during  the  laat,  diluvial  glaciationa. 

This  concluaion,  if  correct,  evidently  favours  the  idea 
of  equatorial  inatead  of  circuapolar  glaciation  -  geoaetry 
cauaes  equatorial  glaciation,  if  real,  to  accunulate  atill 
much  more  ice  than  polar  glaciation. 

In  an  highly  intereating  manner  Dicke  (5)  diacuaaed  the 
conaequencea  of  Dirac 'a  hypotheaia  and  the  aatrophyaical 
formula  above  with  special  regard  to  the  oldeat  tinea  in 
the  history  of  the  earth.  Backwarda  to  about  2.10^  yeara 
before  today  the  cloaed  layera  of  clouda  gave  a  atrong 
diminution  of  the  aurface  temperature  of  the  earth.  But 
tl.1.  ,0’  to  i.io’  .go,.u.t  h.y.  «ount.d 


to  50  to  100®  Colsiua.  In  ntill  older  times  the  whole  water, 
also  of  the  present  oeeens,  must  have  been  in  the  atmosphere, 
but  mot  in  clouds  but  in  a  purely  gaseous  state  without 
formation  of  drops.  Though  under  these  conditions  the  atao= 
sphere  must  have  been  totally  opaque,  according  to  Dicke 
the  surface  temperature  of  the  earth  must  have  amounted  to 
1000  (or  more)  Celsius,  probably  not  yet  allowing  formation 
of  solid  rocks.  Also  in  this  direction  we  see  the  revolutionary 
consequences  of  Piraeus  hypothesis  -  but  hn  harmony  with  those 
data  which  seem  to  make  it  probable  that  the  oldest  rooks 
are  already  considerably  younger  than  the  earth  itself. 

Our  simple  discussion  above  about  palaeoclimatologieal 
consequences  of  Directs-  hypothesis  remains  far  from  any 
attempt  to  develop  systematically  and  in  a  quantitative 
manner  what  must  be  deduced  from  this  hypothesis.  Any  attempt 
of  this  kind  would  hsve  take  regard  also  to  the  following 
points: 

a)  The  solar  radiation  in  the  past  must  have  been  not 
only  more  intense^  but  also  have  shown  a  different  spectral 
distribution.  The  surface  of  the  sun,  according  to  its 
much- greater  luminosity,  must  have  had  a  higher  temperature. 

But  also  the  eruptive  activity  on  the  sun  -  influencing  not 
only  our  aurorae,  but  being  also  meteorologically  meanigful, 
must  have  shown  differences  relative  to  today. 
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b)  With  gr«at«r  gravity  also  the  air  preaaure  at  the  surface 
of  the  earth  -  and  the  coefficient  of  ita  decrease  with  growing 
•Ititudes  -  Bust  have  been  greater  than  now. 

c)  With  a  SBaller  radius  of  the  earth  the  duration  of  the 
day  must  have  been  smaller  -  a  point  not  without  importance 
concerning  finer  details  of  meteorology.  - 

The  author  is  thankful  for  interesting  discussions,  partly 
extended  ones,  partly  short  ones,  with  the  colleagea  Becken. 
Binge,  Dicke,  Flohn,  Lotae,  Schwaraachild.  Vieweg. 

§_7.  The  diluvial  glaciatioBa.  More  than  50  different 
published  theories  attempted  to  explain  the  diluvial 

glaciations;  and  none  of  them  has  been  acknowledged  generally 
ss  convincing* 

Therefore  it  is  surely  interesting  to  see  what  consequences 
conterning  this  great  and  famous  problea  arise  if  we  assuae 
Wraeja  hypothesis  to  be  correct.  Considering  this  point  we  aay 
eaphazise  once  acre  that  the  primary  aim  of  all  our  discussions 
here  is  to  clear  the  question,  whether  from  Dirac's  hypothesis 
any  conclusion  is  to  be  drawn  which  would  be  a  contradiction 
against  proved  facta.  Till  now  we  only  saw  that  these 
consequences  partly  are  quite  revolutionary  in  their  diversity 
from  orthodox  meanings,  but  that  known  empirical  facts  seem 
to  be  in  accord  with  them.  Putting  the  same  question  now  about 
palaeocliaatology  of  the  diluvium,  we  way  take  in  aind  that 
the  aany  different  details  of  the  problem  can  interest  us  here 
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onljj  80  far  as  th8y  aay  havt  any  rtlation  to  ths  Dirac 
hypothesis.  Ws  art  thsrefors  not  Intsrsstsd  in  possibilltlss 
to  explain  this  or  that  by  aaking  assuaptions  of  any  kind 
-  and  we  do  not  intend  to  show  special  ideas  to  be  better 
than  other  ones  fitted  to  girs  explanations  of  sons 
established  facts.  All  we  intend  to  do  is  to  discuss  whether 
those  consequences  which  arise  unavoidably  from  Dirac* a 
hypothesis  are  in  accord  with  known  facts  or  not. 

That  the  diluvial  problems  have  their  own  relations  to 
Wrac'a  hypothesis  is  made  clear  already  by  the  foregoing 
paragraph.  For  we  saw  there  that  the  hypothesis  of  diminishing 
gravitation  leads  us  to  totally  new  ideas  about  the  paleozoic 
glaciations  -  and  this  gives  considerably  changed  aspects  also 
concerning  diluvial  glaciations  which  hitherto  have  generally 
be  thought  of  as  a  repetition  of  similar  events  as  those 
which  occured  in  the  former  glaciations.  But  now  we  see  that 

SL£«£  hypothesis  necessitates  the  acknowledgement  that 
the  paleaozoic  and  the  diluvial  glaciations  have  been  totally 
different  phenomena  -  the  older  ones  having  been  extended 
in  the  vicinities  of  the  equator,  the  other  ones  in  the  vicinity 
of  the  poles.  If  this  is  correct,  there  is  no  need  to  look 
for  such  explsnstions  of  the  diluvial  glaciations  which  would 
be  applicable  also  to  the  older  ones:  in  the  contrary  the 
problem  now  takes  the  fora:  Why  could  in  the  present  (the 
alluvium  being  probably  only  one  of  the  "Zwischeneiazeiten") 
this  phenomenon  arise  which  has  never  in  a  similar  manner 
taken  place  in  all  geologic  past? 


-  50  - 


Th«  basis  of  our  discussion  of  ths  dlluviua  any  bs  ths 
supposition  that  ths  wall  known  Milankowitsoh  curvt  rsally  glvss 
the  oorrsot  temporal  intervalls  of  the  diluvial  glaciations* 

The  author  of  this  report  cannot  say  anything  about  the  validity 
of  this  supposition.  Several  leading  specialists  of  diluvial 
geology  and  climatology  are  (or  have  been)  convinced  of  the 
correctness  of  the  Milankowitsch  theory;  but  there  are  others 
who  are  inclined  to  have  doubts. 

To  take  the  curve  •  in  spite  of  these  doubts  -  as  basis 
of  our  discussion  seams  to  be  justified  because  only  then,  if 
the  Milankowitsch  curve  is  really  meaningful,  a  discussion  of 
the  diluvium  in  connection  with  Dirac 's  hypothesis  is  necessary* 

If  the  time  table  of  the  diluvium  is  not  determined  by  this 
curve,  then  there  exist  many  different  possibilities  to  make 
attempts  to  explain  the  diluvial  glaciations,  and  the  Dirac 
hypothesis  can  be  left  aside  in  all  discussions  about  this 
topic*  For  instance  there  is  the  possibility  that  clouds  of 
Interstellar  matter  may  have  reduced  during  some  time  the  value 
of  the  solar  constant*  That  may  be  a  possibility  •  as  one  knows, 
some  authors  believe  this  to  be  the  solution  of  the  problem* 

But  such  a  cloud  surely  could  not  have  been  exactly  homogenous 
in  its  density  -  our  sun,  crossing  such  a  cloud,  would  have 
been  during  this  travel  some  time  in  more  and  some  tine  in  less 
dense  districts.  The  alternation  of  glaciation  and  of  melting 
phases  during  the  diluvium  must  then  have  been  Aeternined  by  the 
density  changes  of  the  cloud  along  the  path  of  the  sun*  And 
naturally  any  of  the  other  more  than  50  theories  of  diluvial 
glaciation  nay  be  correct,  without  any  connection  with  Dirac's 
hypothesis.  But  if  indeed  the  Milankowitsch  curve  gives  the  correct 


tiae  table  of  the  diluvium,  then  there  exists  a  clear  problem. 
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•riaing  from  a  wall  dafintd  but  till  now  unaxplainad 
phanoaanon.  Thia  we  intend  to  diacuaa  here. 

To  the  convenience  of  the  reader  we  at  firat  aunmarize 
•hortly  what  haa  to  be  aaid  about  the  Milankowitaeh  curve 
and  ita  (controveraial)  aignificance.  The  excentricity 
of  the  orbit  of  the  earth  variea  between  minimal  and  maximal 
iraluea  with  a  period  of  918OO  yeara.  The  perihelion,  per. 
forming  a  alow  wandering  around  the  aun,  ia  wandering  there, 
fore  through  the  aeaaona,  ita  period  being  20  700  yeara. 

The  angle  between  the  axia  of  the  earth  and  the  direction 
orthogonal  to  the  plain  of  ita  orbit 

variea  between  22®  and  24,5®  with  a  period  of  4o  400 
yoara.  Theae  perioda  have  been  atudied  by  aatronomera  partly 
already  long  ago,  and  Ko£££n  and  Wegener  attempted  to  uae  their 
reaulta  as  a  tool  of  palaeoclinatology.  Intereating  is  in  the 
first  line  the  temporal  variation  of  solar  radiation  at  the 
•afth  d^ing  the  summei[-^laciation  being  surely  determined 
not  ao  much  by  circumstances  during  the  winter  as  by  the 
chances  of  melting  during  the  summer.  Milankowitaeh  gave  a  more 
preciee  theoretical  evaluation  of  the  corresponding  -radiation 
curve-  with  regard  to  the  last  650®^ara;  later  even  for  10^ 
yeara.  Ihe  minima  of  solar  radiation  in  the  summer  seem  to  be 
in  good  accord  with  the  geological  statements  about  (each) 
two  Wurm-.Rise-,  Mindel-,  Giinz-glaciation  periods.  -  It  ia  to 
be  taken  in  mind  that  according  to  thia  theory  glaciation 
perioda  at  the  northern  and  at  the  southern  half  sphere 
— -°ot  •  consequence  not  yet  already  tested  empiri. 

cally  as  thoroughly  as  one  might  demand.  But  direct  temporal 
coapariaion  of  diluvial  events  in  the  north  and  in  the  south 
in  not  easily  to  be  accomplished  -  only  the  reduction  of  the 
surface  altitude  of  the  oceans  bv  aeoumulation  of  ice  masses 
mentioned  already  above  being  an  effect  of  world  wide 
significance. 


-  52  - 

Now  if  this  inttrproUtion  of  the  tlwe  table  of  the 
diluvium  is  correct,  then  the  situation  is  thus:  Ws  under* 
stand  the  teaporal  intervalla  of  the  diluvial  glaciations; 
but  ws  do  not  understand  why  these  glaciations  took  place 
during  the  last  650  000  years,  though  they  did  not  take 
place  -  in  corresponding  intervalls  -  also  in  former  geolo* 
gical  periods.  (Climatological  conditions  not  too  far  from 
those  of  today  have  been  proved  to  exist  already  in  the 
tine  of  beleanites,  by  isotopic  analyse  of  tails  of  belennitee) . 

We  must  therefore  conclude  that  the  primary  cause  of 

the  diluvial  phenomena  has  been  a  reduction  of  the  solar 

constant  performed  since  about  10^  years,  and  this  reduction 

was  strong  enough  to  bring  the  average  temperatures  during 

these  10  years  near  to  the  verge  of  glaciations,  in  a  manner 

which  previously  did  not  occur.  It  is  probable  that  this 

reduction  has  been  performed  in  a  slow,  continous  process  - 

the  cold  periods  in  the  intervall  from  650  000  to  10^ 

years  before  today  seen  to  have  been  less  strong  than  the  later 

ones;  and  glaciation  periods  concerning  only  the  Alps  seen 

e. 

to  have  occured  also  before  10  years. 

But  the  chief  and  most  interesting  and  astonishing 
feature  is  the  nonotonuous  slowness  of  this  reduction  which 
evidently  took  place  without  any  nentionable  irregular 
variations  -  so  thst  the  change  between  glaciation  and  warm 
melting  phases  could  be  regulated  by  the  weak  influence  of 
small  variations  in  the  orbital  movement  of  the  earth.  It 
seemed  till  now  extremely  difficult  to  produce  any  idea  to 
explain  such  a  reduction  -  that  Wdlke's  idea  of  cosmic  clouds 
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Fig,  1,  The  system  of  rifts  (EvingiHessen,  njarps) 
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Fig.2.  NJbssn  rifts  (Stills) 
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Fig. 4.  Frtqueiiey  of  altitudta  la  th« 
dlffartnt  oeoana  (Egyod) 
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Fig*  7*  Water  eorariag  of  eoatiaaata 
(Sgjrad) 
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i5  exeludtd  if  th«  MUmkowifch  ti.t  table  is  correct, 
has  been  eaphaaleed  already  above. 

Tli.r.for.  PjMk  h..  k.,n  iBcllntd  to  crltloi..  ud  .b.ndoa. 
th.  th.or.  Of  mim.ortt.oh:  "So  .ohoa  dl.  mimtortt.oh.Th.orl. 
auch  .r.chrta.a  ..g,  rlchtlg  kuia  rt.  doth  aleht  ..la;  d.aa 
..no  da.  i;i.a.itilt.r  dutch  di.  V.rt.tloa.a  d.r  Srdb.ha.l«.at. 
«rur..cht  .urd.,  .0  .ollt.  ..  ,ohl  auch  i.  H.ao.olkum 
und  T.rtiar  Varaiauagaa  gagebaa  habaa.  Dia  Bahaalaiaata  .araa 
irtiar  glalcharmaoaaa  tarhadarlich,  .bar  ,oa  frfih.r.a  Varai. 
aong.a  gibt  a.  k.ia.  Spur".  (».p..t.d  bar.  aftar  Baoatk  Oybra.l. 
Othar  Author.,  d.faadiag  tha  th.ory  of  miaakort  ...u  a,„ 
..phaalaad  too  that  oaljr  th.  c]uagg  of  cold  uid  .u.  iat.r. 
valla  during  tha  diluvium  eta  ba  axplrta.d  ia  thia  .Kin.r, 
but  aot  rtao  th.  fact  that  th.  diluvium  ia  coatraat  to  tha 
tarti.ar  aad  tha  maaozoieum  ahoaad  glaciation  during  ita 
colder  phases. 


A  highly  Uteresting  different  theory  h.s  been  put  forward 
by  BpsallK  Qjrorgy.  According  to  hie  opinion  the  finer  details 
of  the  mechanical  conditions  in  the  system  of  planets  are 
just  now  of  a  certain  irregular  or  singular  character,  and 
the  perturbations  of  the  orbital  movement  of  the  earth,  caused 
by  the  other  planets,  therefore  could  and  must  be  such  ones 
during  the  last  million  years,  that  similar  perturbations 
did  not  exist  since  the  palaeosoicum.  Therefore  he  is  convinced 
that  PjncJs's  criticism  has  been  unfounded,  and  that  no  addition 
of  another  still  unknown  factor  to  the  theory  of  Milankowitach 
»ust  be  made  in  order  to  get  a  theory  explaining  to  100* 

•11  glaciations  of  the  past  only  at  the  basis  of  celestial 
■echanics,  without  additional  hypotheses. 
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This  surtly  is  a  highly  interesting  matter.  The  author 
of  this  report  feels  himself  unable^ ^o  judge  about  this 
interesting  theory  of  Baestk  Gybrgy v»hich  perhaps  indeed  gives 
the  final  solution  of  the  whole  problem.  I  can  only 
emphasize  the  importance  of  the  possibilities  discussed  by 
Baestk  Qyorgy;  It  seems  to  me  to  be  strongly  demanded  that 
his  theory  is  studied  by  specialists,  and  that  extensive  new 
theoretical  research  in  celestial  mechanics  is  made  with  the 
aid  of  modern  electronic  computing  devices.  It  would  be  use= 

ful  already  to  make  new  computations  extending  the  Milankowitsch 

7  6  " ' 

curve  over  a  period  of  instead  of  10  years. 

If  this  new  theory  of  Baestk  Gy orgy  is  correct,  then 
there  does  not  exist  any  connection  between  diluvial 
phenomena  and  Dirac  *s  hypothesis,  and  the  whole  matter  of 
palaeoclimatology  of  the  diluvium  better  had  be  left  out  of 
my  discussion  of  the  Dirac  hypothesis.  But  in  order  to  cover 
all  possibilities  we  may  consider  here  also  the  question 
what  consequences  would  arise  if  future  research  would  show 
the  real  situation  to  correspond  more  to  Penck's  idea  than 
to  Bacslk  Gyorgy's. 

In  this  case  it  is  cleai*  that  at  least  qualitatively 
Dirac  *s  hypothesis  is  apt  to  explain  exactly  such  a  reduction 
of  the  solar  constant  as  we  saw  to  be  required  in  order  to 
fill  out  what  is  still  lacking  in  the  Milankowitsch  theory. 

But  also  quantitatively  one  can  see  from  the  Milankowitsch 
curve  that  our  statement  above  -  about  the  order  of  magnitude 
of  the  reduction  of  the  solar  constant,  to  be  expected 
theoretically  -  is  in  accord  with  the  empirical  facts.  It  seems 


1)  Bulletin  of  the  Hungarian  Geolog. Soc.  70  (1955). 


-  58  - 


thartfort  to  bt  posslbla  that  Indttd  the  alow  aonotonuous 
reduction  of  the  solar  constant,  caused  by  the  decrease  of  ^  , 

Is  the  primary  cause  of  the  fact  that  since  about  one  million 
years  the  earth  is  at  the  verge  of  polar  glaciation,  in  contrast 
to  all  former  times* 
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CHAPTER  II «  ASTROPHYSICAL 

CONSEQUENCES  OF  DIRAC *S 
HYPOTHESIS 

§  1.  The  origin  of  double  stars  and  of  planet«8»  Famous  thsoretlcal 

investigations  of  Jeans  and  other  authors  as  Me  Laurin,  Jacobi, 

-  - 2) 

Poincart,  Liapounoff .  Darwin.  Moulton.  Car tan,  Lyttleton  about 

the  mechanism  of  division  of  rotating  stars  gave  very  significant 

results.  Stars  consisting  of  "fluid"  matter  can  divide  itself  into 

two  masses  of  equal  order  of  magnitude,  rotating  about  another  in 

narrow  orbits.  Bu^"gaseous"  •  star  with  a  strong  concentration  of 

mass  in  its  centre  must  perform,  in  the  case  of  strong  rotation, 

quite  another  development:  It  comes  from  an  ellipsoidal  shape  to  a 

lenticular  one,  wins  a  sharp  edge,  and  begins  to  loose  matter 

continually  from  this  edge. 

Though  the  pioneer  work  of  Jeans,  represented  in  the  mentioned 
two  great  books,  contains  much  details  which  today  are  not  still 
up  to  date  •  owing  to  the  rapid  progress  of  modern  stronomy  -  the 
mentioned  chief  results  certainly  seem  to  be  of  invariable  value. 

The  interesting  book  of  0.  Struve  about  "Stellar  Evolution"  among 
its  rich  empirical  material  contains  also  ample  proof  that  boths 
processes  studied  theoretically  by  Jeans  really  occur  in  the  galaxis. 
Especially  the  division  of  a  star  into  two  stars  is  apparently 

1)  T.  H.  Jeans,  Problems  of  Cosmology  and  Stellar  Dynamics.  Cambridge  1919* 
Astronomy  and  Cosmology,  Cambridge  1928. 

2)  R.A.  Lyttleton,  The  Stability  of  Rotating  Liquid  Masses.  Cambridge  1953 

3)  Princeton  1950. 
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quite  a  normal  proeeaa;  there  are  examples  of  double  stars  showing 
the  first  stages  after  the  division.  It  seems  therefore  quite 
sure  that  Jeans  correctly  interpreted  at  least  those  double 
stars  which  possess  periods  of  the  order  of  one  day,  indeed 
originated  by  division  in  the  manner  analysed  by  Jean*.  At  the 
other  hand  there  are  examples  also  of  the  other  one  of  both  these 
division  processes  -  with  ejected  matter  collecting  itself 
in  an  equatorial  ring  around  the  Rotating  star. 


But  the  double  stars  with  periods  of  the  order  of  one  day 

form  only  one  of  two  extreme  cases:  A  considerable  part  of  all 

stars  are  double  stars,  showing  all  values  of  periods  from 

about  one  day  up  to  10^  years,  in  rare  cases  even  more  than 
4 

10  years.  And  the  great  majority  of  these  pairs  of  stars 
corresponds  to  the  condition  that  the  mass  relation  of  the  two 
Partners  has  the  order  1. 


Ruas*!  studied  theoretically  multiple  stars  of  higher  order. 

One  knows  examples  of  systems  containing  two  components  (wide 
apart),  each  one  of  these  having  two  secondary  components 
(narrow  in  comparision  to  the  distance  of  the  primary  components), 
and  at  least  one  of  these  being  a  narrow  double  star  indead 
of  a  simple  one.  Russel  in  a  very  suggestive  manner  established 
his  conviction  that  these  multiple  systems  we  to  be  interpreted 
as  results  of  repeated  divisions  of  rotating  stars.  He  put  for» 
ward  also  the  thesis  that  the  whole  phenomenon  of  double  stars 
must  be  thought  of  as  a  uniform  one,  so  that  practically  all 
double  stars,  up  to  periods  of  10^  or  10^  years,  have  to  be 
originated  from  the  process  of  division. 


f 

1 
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In  order  to  make  this  possible  an  effect  is  needed  which 
Iporcnse  the  periods  of  double  stars  -  in  extreme  cases 
so  that  periods  which  at  the  beginning  were  smaller  than  one 
day  could  grow  to  more  than  10^  years. 


I  tcrvM^V- 

Tty.JLio.Miyn' 


Jeans  himself  heroically  endeavoured  to  find  such  an  effect. 

can  cause  an  increase  of  the  orbital  radius  of 
a  double  star.  But  it  is  to  be  conjectured  that  the  order  of 
magnitude  of  the  period  can  scarcely  be  altered;  and  Jeans 
thoroughly  proved  and  precisized  this  conjecture.  Better  working 
are  perturbations  of  double  stars  by  other  stars;  but  Jeans 
by  thorough  investigation  came  to  the  result  that  these  pertur» 
bations  can  causa  an  increase  of  periods  only  up  to  about 
55  days  -  still  greater  periods  are  not  increasing,  but  -decreaa 
sing  under  the  influence  of  these  perturbations.  Jeans  discussed 
also  the  possibility  of  a  dimindtion  of  stellar  masses/^  showing 
in  this  manner  how  earnestly  he  endeavoured  to  find  a  possible 
cause  of  increasing  periods  of  double  stars.  Our  present  knows 

ledge  shows  this  idea  to  be  untenable;  and  Jeans  himself  abandoned 
it. 


He  therefore  saw  himself  forced  to  abandon  also  the  thesis 
that  the  phenomenon  of  double  stars  would  be  an  uniform 
phenomenon.  Astronomers  divide  the  double  stars  into  two  classes: 
Th®  spectroscopic  ones  and  the  visual  ones.  Obviously  this 
is  a  discrimination  based  solely  at  technical  differences  of 
observation  and  research.  But  Jeans  -  abandoning  all  hope  to 
understand  the  double  stars  as  an  uni form  phenomenon  -  put  for« 
ward  the  conclusion,  that  this  discrimination  according  to 
methods  of  observation  by  chance  would  coincide  with  a  difference 
in  nature,  and  that  only  the  spectroscopic  double  stars  -  their 
periods  indeed  going  up  to  about  55  days  -  might  have  originated 
by  division.  The  visual  ones  might  never  have  been  single  stars. 
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He  detected  also  a  special  argument  against  the  concept 
of  Russel;  The  multiple  stars  of  Russel  in  some  cases  have 
components  with  densities  too  low  in  order  to  fulfil  the 
theoretical  requirements:  Theoretically  they  would  have  to 
perform  their  rotational  division  not  by  division  in  two 
partners,  but  by  equatorial  loss  of  matter* 

This  is  the  status  of  the  problem  of  double  stars  -  one 
of  the  most  prominent  problems  in  stellar  astronomy*  And  it  is 
obvious  that  Dirac  *8  hypothesis  gives  us  exactly  what  is  needed 
in  order  to  fill  that  gap  of  known  laws  of  Nature  which 
hampered  Jeans  in  his  endeavour  to  understand  this  fundamental 
feature  of  the  realm  of  stars.  That  in  a  gravitational  two 
body  problem  the  orbital  radius  has  to  increase  proportional 
to  ,  has  already  be  emphasized  above*  But  also  the  special 

difficulty  of  too  low  densities  of  components  of  some  double 
or  multiple  stars  vanishes  if  Dirac’s  hypothesis  is  taken  as 
a  basis  of  the  discussion:  Greater  values  of  X  in  some 
cases  will  be  apt  to  transform  stars  of  low  density  into  stars 
of  much  greater  density* 

At  last  it  may  be  said  that  also  the  theory  of  the  origin 

of  planets,  in  the  form  put  forward  by  V*  Weizsacker,  sliems  to 

become  tenable  only  at  the  basis  of  Dirac's  hypothesis* 

1  ) 

According  to  ter  Haar  there  arises  the  following  difficulty: 
Starting  from  v*  Weizsackers  ideas  one  can  compute  that  the 
lens  of  gaseous  matter  surrounding  the  sun,  in  which  v*  Weizsacker 


1)  D*  ter  Haar,  Ap.  J*  112,  ^^9  (1950)* 
Nature  158,  874  (1946). 
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8*68  the  material  from  which  the  planeta  have  been  built  up, 

would  be  acattered  into  the  aurrounding  vacuum  already  after 
3  8 

1Cr  yeara.  But  10  yeara  would  be  needed  in  order  to  allow 
formation  of  planeta  out  of  thia  matter.  Therefore  the 
Weizaacker  proceaa  would  have  been  impoaaible  with  the  preaent 
value  of  . 

It  may  be  remarked  that  the  reaulta  of  Jeane  auggeat  a 
certain  addition  to  v«  Weizaackera  theory  -  increaaing  its 
convincing  power.  The  lena  of  gaaeous  material  around  the  sun 
postulated  by  v,  Weizsacker  may  have  been  more  a  ring  than 
a  lens  -  a  ring  originated  by  a  rapidly  rotating  primeval  sun 
performing  the  equatorial  ejection  of  matter  analysed  theoretls 
cally  by  Jeans. 

§  2.  Dirac *8  second  hypothesis.  For  convenience  of  the 
reader  the  original  argument  of  Dirac  concerning  his  hypothesis 
may  be  recapitulated  here,  with  some  additional  remarks. 

The  gravitational  force  in  the  action  between  a  proton  and 

an  electron  is  about  10  times  the  Coulomb  force  between 

these  two  particles.  Dirac  felt  it  to  be  extremely  difficult 

to  believe  in  the  existence  of  laws  of  Nature  explaining  a 

4o 

dimensionleaa  constant  of  the  orderer  of  10  .  But  also  the 

age  of  the  universe,  if  expressed  in  1/c  with  1  ■  10"''^cir. 
("elementary  length")  is  of  the  order  of  magnitude  10^^  . 
Therefore  Dirac  proposed  the  idea  that  H.  might  be  a  fusion 
of  the  age  of  the  universe,  being  inversely  proportional  to 
thia  age. 
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Concerning  this  age  some  uncertainty  arose  in  the  last 

years  since,  as  one  knows,  a  few  objects  have  been  detected  to 

which  ages  of  13  or  even  24  billion  years  have  been  attributed. 

But  the  age  determinations  of  these  objects  make  use  of  the 

astrophysical  luminosity  formula  discussed  already  above, 

being  strongly  decreasing  with  decreasing  X  .  Therefore,  intro» 

ducing  the  Dirac  hypothesis,  these  huge  values  of  ages  are  reduced 
1 ) 

strongly.  Dicke  has  shown  that  these  and  other  discrepancies 
allow  adjustment  to  each  other  if  Dirac's  hypothesis  of  a  vari= 
able  PC  is  made  the  basis  of  discussion.  An  age  of  the 
universe  not  exceeding  considerably  what  has  been  thought  to  be 
correct  several  years  ago  can  also  today  be  judged  as  probable. 

But  there  remains  a  difficulty  concerning  the  expansion 
of  the  earth.  If  this  expansion  has  been  strong  enough  to  make 
explainable  also  the  ocean  basins,  then  ^  must  have  been 
rather  great  during  the  formation  of  the  earth;  and  in  this  case 
the  consumption  of  H  by  the  sun,  according  to  the  luminosity 
formula,  must  have  been  very  great  -  greater  than  in  accord  with 
the  present  chemical  composition  of  the  sun. 

Concerning  the  expansion  of  the  earth  we  learned  above  that 
Binge  concluded  that  the  expansion  rate  during  the  last  few 
100  million  years  might  have  been  greater  than  it  would  have 
been  in  the  case  oi  equilibri urn  expansion,  with  a  radius 
corresponding  at  every  time  to  the  value  of  ^  at  that  time. 

It  seems,  that  expansion  shows  a  certain  delay  or  relaxation 
compared  with  the  temporal  development  of  ^  . 

1)  R.  H.  Dicke,  Implications  for  Cosmology  of  Stellar  and 
Galactic  Evolution  Rates.  Princeton  I961 
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This  delay,  as  already  said  above,  could  be  understandable 
as  a  result  of  phase  transitions  performed  in  the  course  of 
expansion:  and  it  may  be  emphasized  that  a  series  of  well 
known  discontinuity  spheres  in  the  interior  of  the  earth, 
in  depths”'^  of  413,  984,  2898,  4982,  5121,  6371  km,  suggest 
the  interpretation  that  they  partly  are  not  discontinuity 
spheres  of  chemical  composition,  but  only  of  phase  stability. 

W.H«  Ramsey  especially  believed  that  the  famous  discontis 
nuity  at  2898  km  might  be  a  phase  discontinuity  instead  of  a 
chemical  discontinuity;  but  concerning  this  case  discussion 
with  S.  Teller  convinced  me  that  Ramsay's  idea  cannot  be  correct. 

Concerning  the  other  cases,  interpretation  of  density 
discontinuities  as  phase  discontinuities  obviously  r.as  the 
consequence  to  increase  the  amount  of  expansion  which  we  can 
await  as  consequence  of  decreasing  dt  ,  But  Lt  seems  that  the 
difficulty  indicated  above  can  scarcely  be  overcome  as  long  as 
we  are  inclined  to  think  that  the  temporal  development  of  ^ 
in  the  vicinity  of  the  sun  has  been  the  same  as  that  in  the  whole 
universe.  But  acknowledging  dt  to  be  a  fuction  of  time  and 
space  we  can  also  oelieve  that  PC  in  the  stages  of  formation 
of  the  earth  has  oeen  aifferent  in  tne  vicinity  of  the  sun 
from  its  average  value  in  the  universe;  and  obviously  the  diffi= 
culty  mentioned  above  would  vanish  if  we  could  make  it  believable 
tr.at  pc  has  oeen  quite  great  during  the  formation  of  the  earth 

1)  T.A.  Jacobs,  Hando.  d.  Fhysik  XI VII,  3o4  {1956) 

2)  Monthly  Not.  Roy.  Astr.  Soc,  108,  4o6  f1948) 
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but  afterwards  rapidly  accomodated  its  value  to  the 
spatial  average  value  in  the  universe. 

But  again  this  seems  difficult  without  another  radical 
step  of  thought.  How  can  ^  remain  in  any  limited  district 
considerably  different  from  the  average  value, during  times 
certainly  greater  than  the  radius  of  this  district  divided 
by  the  velocity  of  light?  The  answer  seems  to  be:  Only 
geometrical  conditions  -  strong  deviations  from  a  flat, 
practically  quasi  -  Euclidian  Minkowski -wnri ri  _  can  allow 
such  an  occurence.  Therefore  we  become  now  strongly  interested 
in  a  branchy  of  relativistic  research  emphasized  especially 
by  iVL^eler  ;  Topology  problems  in  General  Relativity. 

himself  and  his  collaborators  studieci  this  field 
because  it  might  be  interesting  with  respect  to  the  theory 
of  elementary  particles.  But  here  we  are  interested  in  this 
topic  because  it  may  be  meaningful  with  respect  to  stars 
and  to  the  theory  of  formation  of  stars. 

There  is  still  another  way  leading  to  the  same  conclusion 
that  topology  of  Riemannian  spaces  or  topology  of  curved 

Minkowski  worlds  could  give  the  clue  to  the  problem  of  origin 
of  stars. 

The  arguments  of  Dirac,  as  indicated  above,  can  also  be 
used  in  application  to  the  density  ot  matter  in  the 

universe.  This  average  density,  compared  to  the  density  of 


1)  Compare  the  lectures  of  D.  Brill  about  General  Relativity, 
delivered  at  the  State  University  of  Iowa,  196I  . 
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1 )  -40 

nuclei  ,  too  is  of  the  order  10 

Therefore  as  well  as  H  might  be  inversely  proportional 

to  the  age  of  the  universe;  and  in  combination  with  the  Hubble 
effect  this  means  that  there  must  occur  a  process  of  generation 
of  matter.  Indeed  Dirac  1937  believed  that  such  a  process  must 
be  assumed:  but  he  later  abandoned  this  idea.  The  well  known. 
"steady  state  theory**  at  the  other  hand  assumes  such  generation, 
but  in  another  form  than  according  to  Dirac  *s  "second  hypothesis" 
in  its  original  form. 

Now  field  equations  belonging  to  a  variational  principle 
as  the  fundamental  principle  (5)  of  the  "generalised  gravitation 
theory"  can  never  give  production  of  matter  -  this  point,  not 
yet  judged  correctly  by  the  author  in  his  book,  has  been 
cleared  later  by  discussion  and  criticism  of  Pauli.  Fierz, 

Lichnerowicz.  The  present  status  of  affairs  has  been  indicated 

2) 

by  the  author  in  an  already  mentioned  note  two  years  ago. 

But  topology  of  curved  Minkowski  worlds  offers  possibilities 
to  harmonise  also  Dirac *s  second  hypothesis  with  the  generalised 
theory  of  gravitation,  and  makes  the  way  free  to  a  new  theory 
of  formation  of  stars. 


1)  This  means,  that  as  in  the  case  of  we  consider  the 

physical  constants  c,h,l,  as  the  "natural  units"  of  physics. 


(1959). 


2)  Z.  Physik  157,  11<2 
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Nearly  all  those  numerous  astronomers  and  physicists  who 
speculated  about  processes  of  formation  of  stars  and  galaxies 
tried  tJl)d|common^fcte  conventional  idea  of  condensation  of 
interstellar  gas.  Oort.  Spitzer  and  some  other  authors  Indeed 
came  to  results  which  seem  to  be  suited  to  make  it  probable 
that  a  certain  type  of  condensation  leading  to  the  formation 
of  stars  really  occurs.  But  this  must  not  mean  that  also  the 
majority  of  stars  originated  in  this  manner. 

Ambarzumian  who  studied  the  problem, not  starting  from 
conventional  ideas,  but  starting  from  a  penetrating  and  cons 
vincing  analysis  of  empirical  facts  came  to  okher  conclusions. 
According  to  him  the  chief  process  to  be  revealed  here  is  not 
the  formation  of  stars  from  gas  but  the  common  formation  of  both 
kinds  of  stellar  matter  -  gas  and  stars  -  from  '*proto  stare" 
of  "prestellar  matter".  This  thesis,  estabHished  at  first  by 
the  extensive  study  of  "associations"  of  stars,  has  been 
extended  by  Ambarzumian  to  galaxies  and  systems  of  galaxies* 

In  the  case  of  associations  we  have  groups  of  stars  (in  some 
cases  relatively  young  ones)  showing  by  their  motion  to  have 
originated  from  one  point*  In  the  case  of  galaxies  there  are 
many  examples  showing  that  the  centre  of  a  galaxy  may  be  a  field 
where  the  process  of  formation  of  gas  and  stars  from  prestellar 
matter  is  still  in  activity.  This  can  lead  to  a  division 
of  the  galaxy,  or  to  other  effects  discussed  by  Ambarzumian. ^  ^ 

According  to  these  ideas  the  physical  meaning  of  prestellar 
matter  must  be  evaluated  from  the  further  analysis  of  the 
empirical  facts,  augmented  now  rapidly  with  the  progress  of 


1)  Ambarzumian,  Solvay  Congr.  19^6  Brussels. 
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astrophyslcal  research.  Certainly  this  prestellar  matter  must 
have  the  following  properties: 

1)  High  density. 

2)  Invisibility  in  consequence  of  absence  of  luminosity. 

3)  Tendency  to  expansive  or  explosive  outbursts  leading 
to  the  formation  of  normal  matter  like  gas  and  stars. 

It  seems  to  be  quite  difficult  to  detect  any  possibility  to 
understand  these  properties  by  application  of  current  physical 
theories.  There  must  be  conditions  preventing  the  prestellar 
matter  -  before  its  transformation  to  normal  matter  -  from 
emission  of  radiation;  and  there  must  be  conditions  allowing 
to  maintain  the  high  density  of  this  prestellar  matter  before 
the  beginning  of  the  expansion  leading  to  (or  equivalent  with) 
the  transformation.  But  there  must  also  remain  the  possibility 
to  perform  these  expansive  or  explosive  processes. 

The  most  convincing  answer  seems  to  me  to  be  that  prestellar 
matter  •  as  long  as  it  remains  prestellar  -  is  prevented  from 
emission  and  from  explosion  by  geometrical  conditions;  that  space 
has  "pockets"  containing  the  prestellar  matter.  Obviously  in 
the  frame  of  Riemannian  geometry  qualitatively  there  does  not 
arise  any  difficulty  if  we  conceive  such  pockets,  separating 
the  prestellar  matter  contained  in  them,  but  varying  geometrically 
in  the  course  of  time  so  that  at  last  the  prestellar  matter 
is  poured  into  the  normal,  nearly  euclidian  space. 

But  a  quantitative  theory  of  such  developments  cannot  be  given 
in  the  frame  of  Einsteins  theory  of  gravitation.  For  in  this 
theory  there  exists  the  well  known  theorem  of  Eirkhoff ,  according 
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to  which  any  spherically  symmetric  vacuum  field  is  necessarily 

a  static  one.  This  is  a  very  important  point:  The  conversation 

law  of  matter  ^  contain  any  difficulty 

against  the  indicated  "pocket  theory  of  prestellar  matter". 

Naturally  conservation  of  matter  means  now  conservation  of  the 

sum  of  normal  and  prestellar  matter.  But  Birkhoffs  theorem 

really  prevents  us  to  develop  such  ideas  inside  the  fraune  of 

Einstein *s  theory;  for  in  a  certain  approximation  each  point 

in  the  astronomical  space  is  surrounded  by  a  spherically  vacuum 
1 ) 

field.  ‘ 

But  these  difficulties  seem  to  vanish  if  the  Einstein  theory 
of  gravitation  is  replaced  by  the  generalised  theory  of 
gravitation.  Surely  the  questions  arising  in  this  connection 
will  demand  still  much  hard  research  work.  But  it  seems  that 
they  are  promising. 


1)  This  difficulty  can,  so  it  seems  to  me,  not  be  removed  alone 
at  the  basis  of  M.  Kruskals  highly  interesting  discussion  of 


the  Schwarzschild  solution 


-  71  - 


Literature 

(apart  'from  those  books  and  articles  mentioned  already  above 
in  footnotes  of  the  text). 

(1)  JORDAN,  P. :  Schwerkraft  und  Weltall.  Braunschweig:  Vieweg  % 

Sohn  1952.;  zweite  Auflage  1955*- 

(2)  JORDAN,  p. :  Akad.  Mainz,  Nature.  Kl.,  1959,  S.  771.- 

(3)  EGYED,  L.  :  Geol.  Rdsch.  46,  I08  (1957).  Vgl.  ferner:  Geofis. 

pura  e  appl.  4^,113  (1960).  Acta  Zool.  Acad.Hung. 
1957,3.  201. Ann. Univ.Sci. Budapest,  Sect. Geol .1937, 
S.37;1959,  3. 89 

EGYED, L.,  u. 

STSGENA,L.:  Z.Geophys.  24,260  (1959).- 

(4)  HEEZSN,B.C.j  Sci.  Amer.  203,98  (196O).- 

(5)  Diail  R.H.:  Rev.  Mod.  Physics  29,  355  (1957).- 

(6)  TELLER,  E. :  Physic. Rev.  73,  8OI  (1948).- 

(7)  mS0N,J.TUZ0:  Nature  (London)  185,880  (I96O).- 

(8)  EWING, M.,  u.B.C.  HEEZEN;  Amer.  Geoph. Union  Monog.1,75  (1956).- 
EWING,J.,  u.M. SWING;  Bull. Geol. Soc. Amer.  70,291  (1959).- 
HEEZEN,  B.C.,M. THARP  u.M. EWING:  Geol. Soc. Amer. , Special  Paper  65 

(1959).- 

(9)  STILLE,  H.:  Festschr,  Akad. Gottingen  1951,1.3.71.- 

(10)  RITTMANN,A.:  Vulkane  uns  ihre  Tatigkeit,  2.  Aufl.  Stuttgart: 

Ferdinand  Enke,  I96O.- 

(11)  BALDWIN, R.E.  The  Face  of  the  Moon.  Chicago:  The  Univ.  of 

Cicago  Press  1944.- 

(12)  JORDAN,  P. ;  Z.  Physik  157,112  (1959) 

(13)  HAAR,D.  TER:  Rev.  Mod. Physics  21,119  (1950).- 

(14)  P0T0Nl£,R.:  Naturwissenschaften  40,119  (1953).- 

(15)  L0TZE,F.:  Steinsalz  und  Kalisalze.  I.  Tail.  Berlin:  W. Borns 

trager  1957.- 

(16)  WILSON, T.J.,R.D.RUSSIL  u.  R.HcCANN  FAR9UHAR:  Handbuch  der 

Physik,  Bd.  4?,  Geophyaik  I,S.288.Berlin-Gottlnpan- 
Heidelberg:  Springer  1956.- 

(17) SCHWARZ6ACH,M. :  Das  Klima  der  Vorzeit.  Stuttgart:  Ferdinand  Enke 

1950.- 


-  72  - 


(18)  DURHAM,  J.Hf.j  PalaeoclimatM.  In:  Phys.  and  Chem.  of  the 

Earth,  Bd.3,  S,1,  London-New  York:  Pergamon 
Press  1959.- 

(19)  DEFANT,  A.:  Handbuch  der  Experinentalphysik  (hrsg.v.  W.WIBN  u. 

F.  HARMS),  Bd.  XX,  Geophysik  II,  S,575.  Leipzig: 

Akad.  Verlagsgea,  I931.- 

(20)  WILSON,  J.TU20:  The  development  and  Structure  of  the  Earth.  In: 

G. P.  KUIPBR,  The  larth  as  a  planet, S.  138,  Chicago: 
The  Univ.  of  Chicago  Press  (I958).- 

(21)  JACOBS,  J.A.:  HMdbuoh  i,r  Ph,.lk,  Bd.  47,  S.  364.  B.Plln-OSttin. 

gen-Heidelberg:  Springer  I956,- 

(22)  DAVID, £,:  Z.Geophys,  25,239  (I959),- 

(23)  DIRAC,  P.A.M.:  Nature  (London)  139,  323  (I937).- 

(24)  JEFFREYS, H.;  The  Earth,  4.  Aafl.  CMbridge:  Bni„r,ity  Pr...  1959, 


-  75  - 


PART  II.  PROGRESS  IN  THE 
MATHEMATICAL  DEVELOPMENT  OF  EINSTEIN*  S 
THEORY  OF  GRAVITATION. 

C^HAPTER  III,  THE  EXPANSION-FREE 
RADIATION  FIELDS 


§  1  Introduction. 

In  recent  days  the  problem  of  gravitational  radiation  has  been 
attacked  by  a  great  number  of  physicists,  in  the  hope  to  get 
a  better  insight  into  both  the  mathematical  structure  and  physical 
interpretation  of  EINSTEIN'S  theory  of  gravitation.  Even  though 
the  hope  of  really  measuring  a  gravitational  wave  in  the  near 
future  is  small  because  of  the  extremely  small  amplitudes  to  be 
expected,  one  is  nevertheless  interested  in  the  rigorous  predictions 
of  the  theory  for  the  sake  of  fundamental  insight. 

In  this  chapter  we  will  consider  classical  radiation  fields; 

(no  quantum  aspects  will  be  discussed).  As  a  (local)  definition 
of  'pure"  radiation  we  take  the  existence,  in  an  empty  space 
time  of  a^congruence  of  geodetic  null  lines  with  vanishing 
distortion.  Such  a  congruence,  the  so-called  "ray  congruence" 
existes  in  every  electromagnetic  radiation  field,  (E^H,  lEl  s  lUl). 
Its  existence  is  equivalent,  as  has  been  finally  shown  by 
GOLDSifiG  and  SACHS  \  to  BEYL'S  conform  tensor  being  of 
PETROV  type;  a  property  on  which  PIRANI  ^\ried  to 
base  a  local  definition  of  pure  radiation  in  1957,  and  which 


1;  ihis  aefinition  has  been  succesfully  introduced  by  J,  Robinson, - 
A  much  more  general  notion  of  radiation  is  discussed  in  H.  Arnowitt, 
•0.  Deser  and  C.A.  Misner:  Energy  and  the  criteria  for  radiation 
in  general  relativity,  preprint  1959. 

2)  Private  communication.  In  the  case  of  twistfree  ray  congruences 
the  proof  will  be  found  below. 

3)  F.A.S.  Pirani,  Phys,  Rev,  105.  1039  (1957) 
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s^nds  in  close  analogy  to  correaponding  properties  of 
MAXWELL'S  field  tensor  in  electronagnetic  radiation  fields. 

To  be  more  specific,  this  chapter  will  essentially  be 
concerned  with  the  fields  containing  a  non-expanding  ray  congruence; 
that  is  with  fields  which  are  to  be  expected  at  large  distances 
from  their  sources  where  their  rays  can  be  regarded  parallel. 

As  for  the  counterpart  of  expanding  radiation  fields  (with 
normals  rays)  we  refer  the  reader  to  Most  of  our  results 
have  already  been  published  in  but  mainly  without  proofs. 

In  this  chapter  we  endeavour  to  close  this  gap  by  giving  a 

detailed  survey  of  the  non-expanding  radiation  fields  and  their 
various  subclasses. 

We  will  start  in  §  2  with  a  short  treatment  of  geodetic  null 
congruence? \  which  are  the  important  tool  in  pure  radiation 
theory.  In  §  3  we  give  an  approach  to  the  study  of  fields 
containing  a  twistfree  null  congruence.  §  4  will  apply  these 
tools  to  the  class  of  expansion-free  radiation  fields  in  order 
to  obtain  explicit  formulae  for  their  metric  forms.  Some  important 
intrinsic  properties  of  these  fields  are  then  proven  in  §  5, 

Finally,  in  §§  6  and  7,  we  can  show  a  remarkable  one-to-one 
correspondence  between  plane  -fronted  MAXWELL  waves  and  a 
correaponding  class  of  pure  gravitational  fields  which  can  be 

4)  Compare  our  report  P,  Jordan,  J.  Bhlers  and  R.  Sachs:  "Progress 
in  the  field  of  general  relativity",  Hamburg  i960. 

5)  J.  Robinson  and  A.  Trautman:  "Some  spherical  gravitational 
waves  in  general  relativity",  preprint  Syracuse  196I. 

6)  W.  Kundt:  "The  plane-fronted  Gravitational  Waves",  Z.Phys.l63 

(1961). 

7)  For  greater  detail  see:  P.  Jordan, J, Bhlers  and  R.  Sachs:  Akad. 
Wise.  Main*,  Abh.Math.-nat.  Kl.,  Nr.1  (196I) 
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defined  in  the  naoe  way,  and  which  is  the  simplest  subclass  of 
the  expansion-free  radiation  field*. 

§  2.,  Geodetic  null  congruences. 

A  congruence  of  geodetic  null  lines  or  '*rays”  is  a  set  of 
zero-length  geodesics  with  the  property  that  through  each  point 
of  the  region  of  space-time  considered  there  passes  one  and  only 
one  element  of  the  set.  Each  ray  is  the  possible  path  of  a  test 
photon.  A  geodetic  null  congruence  therefore  corresponds  to  the 
history  of  a  continuous  cloud  of  photons  whose  velocities  are 
regular  in  the  sense  that  no  collisions  occur. 

Formally  a  congruence  can  be  described  by  x®  =  x®(y‘^,v), 

1  i  a  ^  4,  1  i  eC  i  3,  with  the  rays  being  given  by  y*^  a  const. 
For  a  null  geodesic  v  can  and  shall  be  chosen  such  that  the 

tangent  vector  1*  =  5x*/dv  satisfies  i*  »  0  ;  (here  T,  - 

b  •  ^ 

*r;b^  for  any  tensor  Tj  ).  Such  a  parameter  v  is  called 

an  "affine  parameter**;  for  each  ray  it  is  unique  up  to  a  linear 

transformation.  The  properties  of  a  null  geodetic  congruence  are 

suitably  discussed  by  introducing  a  (complex)  "null  tetrad" 

[t,  I  f  1,  »  "a  i  adapted  to  1^  ; 

(2.1)  «.b  ■  ^{*(.  V  i  ' 

1,  I  \  real ^  t*t^  ala  1*b^  ,  all  other  products  zero.  With 

respect  to  such  a  tetrad  the  gradient  of  1^  allows  for  the 
following  decomposition: 


(2.2) 

with 

because 


1.,,  .2R.  (.t,t\. 

“V-b***”'  i.,b***‘  ■«-i.,b‘**‘’ 


of  :  1*1  .  0  a  1 

a  .  t  .1 ;  0 


Tn  this  expansion  the 
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cULd  wl.,... 

*  ■  9  ♦  .«.  .  «  dll  e  th.  W  th.  "tirt.f  . 

the  "dlatortloii"  of  the  congruenoe,  ud  /JJ|  the  "rotetion" 
rtth  reepect  to  obeer.er.  in  the  (i  ,  , 

aoution.  be  Juetlfied  b,  the  follortng  ..netderatioae: 
onea'**  h  ““  «i*hb,„rla* 

•“«  at  L  ,1  "“t  a  apacellke  2\.ele«ent  fF 

rtich  la  „thogonal  to  L  in  one  of  ita  pot.ta 

OX  is  a  vector  connecting  L  and  L»  ,  <fx*  i  I  < 

It  folio.,  froa  th.  eoMutabillt,  of  ordinary  d.rie.tl...  tS  ' 
cx  is  LIE  -transferred  along 


(2.3) 


(  fx*)- .  1*,|_  f,"  . 


con.., neatly,  if  i,.f,.  .  „  bold,  in  .  it  hold,  along  th. 
of  1  ,  an  that  !•  ,  I"  ...t  f  p 

io  orthogonal  on  I  in  «.y  on.  of  it.  point..  Phy.io.lly  thi. 

.....  that  all  photon,  .hioh  hit  th.  2-dl..n.ion.l  "aor.en"  fF 

tn  the  reet  .pane  of  «.  ob.ery.r  in  ,  aiauitaneoualy  .ill  .i.o 

hit  «y  other  eoreen  al.mtan.on.l,  .hioh  i.  piao.d  orthogonal 

to  th.  ray  direotion  (in  th.  rest  span,  of  any  other  ob.er.er 
«t  any  later  time). 


We  aak  for  th.  alu^  cat  by  a  .«,ii  blind  at  x(v)  on  a 
neighbouring  .or...  fF(,  . 

•n  obaerver  at  x  .  and  teh.  ,  .„oh  that  1*„  .  .1.  Then 


(2.4) 
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Is  ths  pro^setloQ  operator  on  ths  2-slsmsnt  Sf  which  it 
orthogonal  on  both  1*  and  u*  ,  for  : 

(2.5)  hJJ  hj  .  h*  ,  hV  .  hV  ■  0  ,  h*  .  2. 

D  c  e  D  b  a 

If  is  any  vector  connecting  L  and  L'  ,  h*  lies 

in  Sf  ,  and  its  change  along  L  is  given  by 


(2.6) 


hj  (h‘ix')-  .  Aj 


Consequently , when  one  advances  from  x(v)  to  x(v  *  dv)  ,  the 
points  of  intersection  of  neighbouring  rays  L*  with  a  screen 
suffer  the  infinitesimal  transformation: 


(2.7)  ^x*’  -^  (  ^*  +  dv  A^)  hg  Sx^ 


which  is  governed  by  the  2»tensor  .  We  decompose  into 

a  rotation  ("twist"),  a  rotation-free  similarity  nap  Cixpansion" ) , 
and  a  rotation-free  area-conserving  "distortion"  according  to: 


(2.8) 


^ab  •  ^  [tb]*  i  **ab  *  ^^(ab)"  ?  ^c  ^b^* 


In  order  to  get  the  connection  between  (2.2)  and  (2.7)  we  set 


(2.9) 


1  ,  a  a 

j  1  -  m 


so  that  h 


ab 


^\a‘b)  , 


and  obtain  from  (2.2)  ,  (2.6)  : 

'l/?  Srti***’ 

*  -  j  <*'>')■ . 


(2.10) 
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This  shows  that 
blind's  shadow, 
and  1  +  i  O'  1  dv 
distortion. 


^  dv  describes  the  angle  of  rotation  of  the 
2(3dv  describes  the  relative  area  expansion, 
are  the  eigenvalues  of  the  (infinitesimal) 


The  meaning  of  is  obtained  when  one  considers  the  change 

£g,y  direction  in  the  rest  space  of  a  geodetic  observer 

u  travelling  through  the  light  bundle.  Again  take  m®  ,  t*  as 

in  (2.9),  (with  u*l  .  -1). 

a  ' 

then 

(2.11)  hj  P  l"  .  -  2  «.(  »*)  , 

where  ?  s  u  is  the  operator  of  covariant  differentiation 
with  respect  to  the  observer's  eigentime.  This  shows  that  2lj'j 
is  the  magnitude  of  the  angular  velocity  with  which  the  ray 
direction  "rotaU^"  in  the  observer's  comoving  (parallelly 
propagated)  rest  frame. 


So  far  our  null  tetrads  iobservers,  screens^  introduced  in 
(2.1)  are  not  unique;  they  can  be  changed  by  one  of  the  following 
LORENTZ  transformations: 


1)  spacelike  rotation  in  the  t*-plane; 


(^.12)  t»®.Ct®, 

2)  timelike  rotation  in  the  (1* 


C  C  --  1 

I 

m*) -plane: 


l'*«Al* 


.-1 


with  A  ■  0 


(2.13) 


t 
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3)  llgbtlik*  rotation: 


(2.14) 


f“  .  t*  -  B  1*  ,  .  1*  ,  B.*  .  B  t*  +  B  t* 

-  BB  1*  •*.  m* 


All  these  transformations  leave  the  differentials  zdv  ,  ir|dv 
invariant.  But  6^ can  be  made  real  along  L  by  means  of  (2.12), 
(transformation  to  "principal  axes  of  distortion"), JZ  can  be 
transformed  away  for  1^1  |0'|  by  means  of  (2.14)  ,  and  5 

and  fi  can  be  pointwise  cancelled  by  means  of  (2.13)  (with 
nonconstant  A).  It  has  to  be  kept  in  mind,  therefore,  that  the 
optical  scalars  arevgeneral  no  invariants  of  the  congruence  (though 
"almost"  invariants).  However,  |Jl|  is  an  invariant  for  z  .  0  .  tfC 


A  null  congruence  is  "normal" (1^  is  hypersurface-orthogonal) 
if  and  only  if  CO  a  o.  In  that  case  1^  may  and  shall  be  chosen 
to  be  a  gradient,  1^  ■  u,^  (which  implies  s  0).  We  call 
u  a  "£haas"or  "retarded  time"  of  the (normal)  congruence. 


A  non-expanding  geodetic ’'congruence  with  R^^l*l^r  Q  is 
twistfree  (normal)  if  and  only  if  it  is  free  of  distortion^ 

In  order  to  prove  this  we  differentiate  the  defining  equation 
for  z  in  ray  direction,  where  we  can  and  shall  assume  the  null 
tetrad  to  be  parallelly  propagated  along  1.  With  the  help  of 


RICCI'S  identity  for  1 
obtain: 


1  D 

a;;,  be]  “  *  2  "dabc  ^ 


we  then 


^^s;cb  "  ^dabc^**^  t^t**!® 

iC 


■  •  1*  .  t* t**  ♦  i  n  1®i<i 

*  ?"cd 


-  (  Z^  ♦  )  ♦  j.  H_^l®  1^ 


11  IS) 


-So¬ 


under  the  above  assumptions  the  real  part  of  this  equation  reduces 
3 

to  (jij  f<^l  I  and  our  statement  is  evident. 

A  tspacelike)>  2-surface  orthogonal  on  1^  is  called 
'*Wave  surface”..  We  remark  that  in  this  notation  the  spheres 
(t,r)  s  const  of  SCHWARZSCHILD's  static  vacuum  fields  are 
(frozen)  wave  surfaces.  We  prove: 

Lemma  2.1  Necessary  and  sufficient  for  the  existence  of 
(finite)  wave  surfaces  in  a  geodetic  null  congruence  is  the 
vanishing  of  its  twist. 

Proof:  Suppose  there  exist  wave  surfaces  spanned  by  t  (that 
is:  suannjd  by  Re(t®)  ,  Im(t*)  ).  The  surface-forming  character 

of  t*  is  described  by 

*  t  t 

^t*  -  7  t*  •  Im(o«.t*  ),  7  5  t*V  I  so  that: 

t  ^  ® 

0  .  1  (  ^  t*  -  7  t*)  -  21  .  t^*t*’^  .  -  2iW  . 

a  a;D 

Conversely,  the  explicit  shape  of  the  metrics  (3*2)  below 
will  tell  that  the  surfaces  (S,u)  a  const  are  wave  surfaces  ; 
we  will  come  back  to  this  point. 

§  3  Radiation  metrics 

An  important  question  in  general  relativity  theory  is  the 
following:  how  does  the  metric  field^  behave  at  large  distances 
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from  fast  moving  sources?  From  characteristic  theory  one 

knows  that  disturbances  of  a  static  region  (signals)  spread  with 

the  velocity  of  light,  (perhaps  leaving  a  wake  behind  them). 

In  the  study  of  wave  fields  it  is  therefore  reasonable  to 

adapt  the  coordinate  system  to  the  wave  fronts,  that  is  to 

the  null  hypersurfaces  of  equal  phase  (if  existing).  In  other 

words:  it  is  reasonable  to  study  metrics  possessing  a  normal 

null  congruence  (which  is  automatically  geodetic,  see  above). 

Now  it  is  well-known  that  locally  a  normal-hyperbolic 

always  contains  such  a  congruence.  That  is  there  always  exist 
,  ,  4egvee 

local  solutions  of  the  second  eader  differential  equation 

ab 

8  S,  *  0  ;  whereby  "local”  means  that  there  exist 

coordinate  balls  around  each  point  of  an  initial  hypersurface 
into  which  a  solution  can  be  continued.  But  it  is  an  explicit 
(though  weak)  assumption  when  we  consider  coordinate  cubes 
with  this  property. 

Let  1^  ■  u,^  be  the  tangent  vector  of  a  twistfree  null 
congruence  in  some  region  of  space-time  (V^  of  signature  ♦  2) 
u*  u,^  »  0  «  1^.  We  use  two  (necessarily  spacelike)  coordinates 
X  ,  (A,E,.,,  *  1,2),  whose  gradients  are  linearly  independent 

8)  See  e.g.  V.Fock:  Theorie  von  Raum,Zeit  und  Gravitation, 
Akademie  Verier  Berlin  i960,  Anhan?  D, 
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of  but  orthogonal  on  .  0;  they  exist 

locally  according  to  a  well  known  existence  theorem  on  linear 
(^lomogeneous)  differential  equations.  If  s  is  a  fourth 
coordinate  with  s,^l^*0.  we  have  an  independent  system 
(x^,  s,  u)  «  (x*)  ,1  a  4  .  with: 

(3.1  )  g*‘*  a  0  *  g^^  , 

•A'hence  .  o  for  a  ^4  because  of 

Triat  is  our  metric  form  (i  can  be  written  in  the  form: 

*  3^du)(dx®  +  B®du)+  2e®dsdu+  Hdu" 
with  arbitrary  (real)  functions  C,H  of  all 

coordinates  satisfying  det  (e^>0  (in  order  to  guarantee 
signature  +  2), 

At  inis  stage  we  recognize  that  the  2-surfaces  (s,u)  .  const 
are  spacelike  and  orthogonal  to  1^  ,  hence  "wave  surfaces". 

We  intend  to  study  our  metric  (5.2)  in  relation  with  the 
properties  of  its  preferred  null  congruence.  From  (2.10)  we 
find  by  direct  calculation: 

(5.3)  =  je  ..  jlndet  (g^^)  .  £  ,  (  *  *  7), 


(3.4)  with 


(g^  . 

Suppose  Q  ^  0  .  In  this  case  r  is  called  a  ratlo-of-area 
distance  according  to  the  proportionality: 


dr/r  s  0  dv  ;  (screen  areas  are  propor^onal  to  r^).  We  write 
2 

®  AB  *  '  ^  aB  **  AB  '*ra.y  metric*'  ;  the  determinAnt 

of  is  independent  of  s  ,  It  is  now  useful  to  introduce 

r  instead  of  s  as  the  third  coordinate  ;  (because  of  r.  1*» 

a 

rd  t  0  this  is  admissible).  From  (3.3)  we  then  get  0  e  ^r  ■  1  , 
so  that  (3.2)  becomes: 

(3.5)  (k  ■  r^h^(dx^  ♦B^  du)(dx  ®  +  B  ^  du)  +  ♦  Hdu^  t 

with  det  (h^)  ■  0, 

Next  we  calculate  T  ,  using  the  definition  (2,2): 


(3.6) 


.llg  t®t‘’ 

2  *ab,3  ^  ^ 

=  t  ^  t^’  a  h 

z  »■ 


r  *  AB  . 


This  shows  that  vanishes  if  and  only  if  is  independent 

of  r  ,  (compare  (3.5)  ). 


The  case  of  vanishing  (T,  that  is  of  a  distortion-free  geodetic 
null  congruence,  is  of  outstanding  importance:  it  has  been  mentioned 
in  the  introduction  that  such  a  "ray  congruence"  exists  in  every 
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electromagnetic  radiation  field,  and  will  be  taken  aa  the  defining 
property  for  a  gravitational  radiation  field.  For  5' a  0  (3,6) 

implies  that  we  can  introduce  isometric  coordinates  in  the 
(2-dimenaional!)  wave  surfaces  (r,u)  a  const  by  means  of 
a  transformation:  x‘ ^  «  f  *  (  x®  ,  u  ),  (x'*  «  x  ,  so 

that  we  have: 

(3.7)  P'r*°  • 

If  furthermore  0  is  assumed,  the  real  part  of 

(2.15)  gives  9  •  ~  6^  so  that 

(3.8)  e  r  -  1 

can  be  achieved  by  suitable  choice  of  the  origin  of  r  , 

The  equations  t*t^»  0  next  imply  that  by  another  "gauge 

transformation"  we  can  arrive  at  0,  so  that  the  metric 

form  of  an  expanding  pure  radiation  field  with  R  .  1*1®  a  0  a 

aiD 

can  be  brought  to  the  shape 

(3.9)  G  ■(fp)^(dx^  dy^)  ♦  2  drdu  +  H  du^  , 

We  stop  here,  because  a  thorough  treatment  of  those  fields  can 
be  found  in  and  turn  to  the  case  of  non-expanding  radiation 
fields. 

^  Suppose  ^  ■  0  .  Here  we  get  from  (3.3)  : 

■  0  I 
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and  '  da  •  V  can  ba  Intraduoad  aa  coordinate  inataad 

of  a  ;  V  ia  an  affine  paraneter,  for  we  have  v  !*■  1, 

fO 

From  (2.15)  we  learn  that  the  additional  aaaunption  R,b^*^***  ° 
ia  equivalent  with  ■  0.  Thia  time  we  find: 


(3.10)  (T  .  1 

ao  that  again  (r>  0 
on  the  ray  metric  g 
form 


ia  the  neceaaary  and  aufficient  condition 
to  be  tranaformable  into  the  isometric 


(3.11) 


g 


AB 


0. 


That  is  we  have  for  the  metric  of  the  general  non-expanding 
pure  radiation  field  : 


(3,12)  G  .  p^  {  (dx  ♦  s'^du  +  (dy  ♦  B^du)^j+  2dvdu  ♦  Hdu^ 

W*tK  «  0  . 

Ifce  rest  of  this  chapter  is  devoted  to  an  analysis  of  this  class 
of  fields. 


§  4,  The  expanaion-free  radiation  fields. 

Up  to  now  we  have  defined  ’’pure  radiation'*  fields  by  the 

existence  of  a  ray  congruence  without  being  specific  about 

f^o^d  equations.  From  now  on  let  us  restrict  considerations  to 
combined  EINSTEIN- MAXWELL  -fields  in  empty  space,  whereby 

the  electromagnetic  field  is  assumed  to  be  null  (  E  i  H , 

|E  I  ■  IH  I  }.  That  is  we  deal  with  the  equations: 
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-  P 


(4.1) 


ab 

ab 

;b 


.  0. 


where  ^°aeb  ****  RlCCI-teneor,  the  energy 

* 

moaentum  tensor •  "  ^ab  ^  ^  ^ab  (complex)  MAXWELL-bi 

/  »  *  1 

tor,  and  the  star  stands  for  the  (real)  dual  operation:  2  ' 

,  F  .  ■  -F  .  .  The  (last)  equation  stating  the  nullity  of 

ab  ab 

F^^  is  equivalent  with: 

(4.2)  ‘^ab  ■  ^  ‘‘CaSj  •  0  m  k\, 

t^  complex  as  always.  Proof:  (4.2)  implies  ■  0* 

Conversely  we  have  J^ab*^  **^  *  ^ab^^*^  +  i  F  i  the  vanishj 
of  is  equivalent  with  F^^  being  the  skew  product 

of  two  vectors^\-  F^^F*'’  -0  then  implies  that  the^'e  two 
vectors  span  a  lightlike  2-surface  (for  0  ,  otherwise 

the  statement  is  trivial). 

Inserting  (4.2)  into  (4.1)  our  field  equations  reduce  to: 


(4.3) 


2R  .  ■ 

ab 

ab 

4>  ;b 


-k  k. 
a  b 

■  0  ,  rt>  as  in  (4.2). 

AD 


9) 


See  e.g.:  P.  Jordan,  J.  Ehlers, 
Abh.  Math. -Nat.  Kl.  i960.  Nr.  2; 


W.  Kundt,  Akad.  Wiss.  Mainz, 
Abschnitt  1.2. 
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We  do  not  exclude  the  cane  of  pure  gravitational  flelda  for 
which  vaniahaa,  and  (4,3)  aimplify  to:  0.  If 

doea  not  vaniah, however,  MAXVSLL'a  equatlona  0  imply 

that  the  k^-  eongruenoe  ia  a  ray  conitruence  (  ■  dlatortlon-free 
geodetlo  null  eongruenoe).  Naaely  aa  followa: 

(4.4)  .Pk* 

**  4  ^  k 

ao  that  .-k^Vt*  -  t^7k*  .  Prom  (4,3)  and  0  ■  k^Vk'' 

k 

ark-  we  therefore  get:  7  k  'vk  ,  which  neana  that  k*  ia 
geodetic.  We  write: 

(4.5)  k^*  H  1^  with  0  . 

for  aultable  aealar  X  .  Next  we  get  froa  (4,3)  and  t^>  (4.4): 

O.t.Vk*  .XI  t^t**  .xr  , 

a  aj  D 

proving  (T  ■  0  . 

On  the  other  hand  it  can  be  ahown  that  for  every  ray  congruence 
k^  there  exlata  a  MAXWELL  bivector  aatiafying  (4,3)  with 

the  poaaible  exception  of  a  poaitive  (non«conatant)  aealar  factor 
A  in  the  EINSTEIN  equation:  .-k^kj^,  A  firat  proof 

of  thia  theorea  waa  given  by  I.  ROBINSON  ,  a  aore  ayateaatie 
treatment  can  be  found  in  \  The  idea  of  proof  ia  aa  followa i 

lOi  I.  Roblnaon:  Journ.  of  Math.  Phya,  2,  No  3,  p.290  (1961) 

11)  P.  Jordan,  J.  Ehlera,  R.  Sacha,  Akad.Viaa.  Mainz,  Abh.  aath.-nat. 
Kl.  Nr.  1,  1961,  Abachnitt  3.3. 
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must  nectssarily  be  of  the  form 

(4.6)  ■  26**^  ^  bl  ’  ; 

it  can  then  be  shown  that  for  a  geodetic  and  distortion-free 

k  there  exists  a  scalar  such  that  (4,6)  satisfies  .  *  0, 

a  I D 

is  for  uJjt  0  unique  up  to  an  additive  constant. 

The  equation  A  =  1.  equivalent  with 

(4.7)  *  ^ab^ 

12) 

is  nasty.  It  is  subject  of  a  recent  paper  by  W,  KUNDT  where 
it  is  reformulated  as  a  condition  on  the  metric  and  its 
derivatives  alone.  In  what  follows  we  will  be  lax  about  this 
one  equation;  that  is  we  will  ignore  it  except  in  simple  cases, 
as  it  does  not  provide  one  with  deeper  insight  into  intrinsic 
properties. 

We  are  now  ready  to  present  a  reasonable  definition  of 
expansion-free  radiation  fields: 

Definition  4.1 :  A  space-time  (V^  of  signature  +2)  is 
called  an  expansion-free  radiation#  field  if  it  contains  a  Boa- 
expanding  ray  congruence  1^,  and  if  it  satisfies  the  field 
equations 

12)  P,  Jordan,  W.  Kundt:  Akad.  Wiss.  Mainz,  Abh.  math.nat.  Kl. 

Nr.  3,  1961 
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(4.S)  2  R., 

together  with  (4.7) • 

The  rest  of  this  paragraph  is  devoted  to  a  derivation  of  simple 
metric  forms  for  this  class.  In  (3.12)  we  already  arrived  at 

G  ■  p^  {  (dx  ♦  B ^  du)  ^  +  (dy  +  du)  2dvdu  +  Hdu^ 

with  p  ■  0  , 

*',v  * 

where  use  was  made  of  R.l*l^  >0,  and  where  1  «  u  , 

ftD  ft  I  ft 

(a  non-expanding  ray  congruence  with  R^^l^l^  ■  0  is  normal!). 
We  are  now  left  to  satisfy  the  rest  of  (4.8),  and  possibly  (4.7). 

Before  so  doing  it  is  convenient  to  introduce  further  complex 

1  2 

notation  by:  x  4>  iy  i  z  ,  B  4-  iB  i  B,  so  that  6  becomes: 
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Thes«  gauges  will  be  helpful  in  further  simplifying  the  fundamental 
form. 

Now  the  equations  0  >  N.vlV  amount  to  B  *  0. 

9  33 

Two  cases  have  to  be  distinguished: 

1.)  ■  0  ,  which  is  equivalent  with  a  0  as  will  be  shown 

in  the  next  paragraph.  In  this  case  the  equations  0*3  t*t^ 

ab 

are  empty,  and  from  0  a  t*t^  we  get  Alnp=  0.  This  last 
equation  is  equivalent  to  p  being  the  magnitude  of  an  analytic 
function  of  z  (still  depending  on  u  )  so  that  a  gauge  III  can 
be  applied  (  with  |  F' |  a  p“^  )  to  arrive  at  pal.  Next  we 

can  make  E  real  using  II.  The  rest  of  (4,8)  tnen  leads  to 


G  a  I  dz  ♦  bdu  r  4.  2  dv  du  +  H  du^  with 

(4.11)  r  b  real,  b  a  0  a  A  b,  (  b^  i  ?  b  ,  A  i  ^  ^  O 

V  -  a  a  ’  '^x  ‘'y 


)  H..vb^.A,  A,=  0,  I 

‘  ’’’x-  j 

It  is  of  interest  to  know  if  further  simplifications  of  (4,11) 
can  be  achieved  by  means  of  a  gauge  (4,10).  The  answer  is:  If 
and  only  if  b  is  linear  in  x  and  y  : 


(4.12) 


‘’.AS  •  °  • 


On  th«  oth.r  hand  ..  could  hav.  uned  0  »  Alnp  to  mak. 
B  a  0  ,  at  the  expense  of  having  pal. 
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b  can  be  tranaforaed  aaa^  by  aaans  of  II  and  III  (with 
F  ■  ♦  g(u),  f  ■  a(u)x^4-  b(u)xy,  |r(u)  complex^all 

other  functions  real).  These  latter  fields  (b  «  0)  are  the 
so-oalled  "plane-fronted  waves  with  parallel  rave”  (  «  pp  waves), 
coapare  They  have  been  independently  discovered  by 

and  by  J.  BOBINSON  (1956). 


2)  B  _  0  ,  (♦Jt  0).  Because  of  B  »  0  we  have 

B  i  vD+  C  with  ■  0  ■  >(D|C  complex).  Mow  the  equations 

0  ■  R  t  *t^  read : 

(^.12)  D.  ♦iDj.-ip^D^ 

#  *  2 

with  D  ^  Q  by  assumption.  Putting  s  b^  -  ib^ 


15)  Brinkaann,  H.W.:  Proc.  Nat.  Acad.  Sci.  Wash.  9,  1  (1923).  - 
Hely,  J.;  C.R.  Acad.  Sci.  Paris  249,  186?  (1959).  - 
Perea,  A.:  Phys.  Rev.  Letters  3,  571  (1959). 
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The  tquation  ^  ^  *  0  gives  a  second  relation  between 

b  and  p  ;  for  later  use  we  want  to  present  it  in  two  different 
notations,  each  being  suited  in  its  own  way.  We  rewrite  the 
general  radiation  netric  (3*2)  : 

(‘*.13)  a  .  g„dx*d.*  * 

where  n^5  (gj^B®  ,  e  ,  ^  ,  det  (gj^)>0» 


(Note:  m 

is 

a 

the 

same 

as  in 

(2.1)1). 

In 

our  present  case  (3*12) 

we  have 

*  A£ 

2 

*  P 

4b 

C 

>  • 

M  1 

1 

so 

that: 

(4.14) 

m 

a 

-(p‘ 

V. 

2*2 

P  » 

,  1. 

iCH 
-  V 

2  ^ 

♦p 

). 

Now  R  . 

ab 

a”b 
t  t 

>  0 

takes  the 

form: 

(4.15) 

2A: 

In  p  ■ 

'  "1. 

51  *  " 

2,32 

1 

"  2 

(m 

2  2v 

1,5  *  "J.5  ’  * 

(4.15‘) 

“a 

2 

•  P 

‘\l' 

♦  b 

z^- 

»A  • 

If  (4,l5')  is  inserted  in  (4,13)  »  and  the  ray  metric  p^ 
is  used  to  raise  capital  latin  indices  (which  in  our  applications 
will  be  the  same  as  using  the  full  matric  "'a  can  collect-' 

our  results  into: 


|dz  ♦  Bdul^  *  2dvdu  *  Hdu^,  with 


(4 


v(p^b  b*  v\b  >  ib  )  ♦  c  , 

y  ft  f  '  f  ^ 

C 


f  B  ■  vl 

i  P  0  *  b  C  ^  ,  i)*b  ■  I 

‘.AB-  \,b**[b*»J3l.p  41-  (b  ,b*V^^.p 
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for  th«  genoral  •xpuslon^froo  radiation  fiald  with^Taniahiag 

rotation  IJl).  Tha  3  aouationa  0  ■  R  .  t*n^  ■  R  .  1* 

'  ao  an 

than  dataraina  H  up  to  an  additiva  function  of  u  whioh 

»» 

oan  ba  eaneallad  with  (4.10)  1.  H  baeonaa  a  polynonialof 
aacond  dagraa  in  v. 

Equationa  (4.16)  look  rathar  eonplieatad,  hanca  it  ia  of  intaraat 

to  find  apaoial  aolutiona.  If  wa  aaauma  b  ^  ■  0  ,  (which  naana, 

at  laaat  for  H  ^  ■  0,  that  thara  axiata  a  group  6  ^  of 

iaomatriaa  whoaa  orbita  lia  in  wava  aurfacaa),  aquationa  (4.16) 

aimplify  to  (b*  ■  b  .)  : 

« ' 

(4.17)  fa)  b"  .  -jp^ 

1  b)  p^(  inp)'  ■  b*  (Inp)"  ,  , 

For  p*  ■  0  tha  ganaral  aolution  of  (4.1?)  can  ba  raducad  to 

2 

(4.18)  p  ■  1,  b  ■  •  ^ 

by  naana  of  (4.10)  III,  (u-dapandant  tranalation  of  x)  , 
and  bacauaa  only  b  .  antara  into  tha  aatric.  Thia  ia  a  class  of 

I  ^ 

typa  III  fialda  and  will  ba  conaidarad  balow.  For  p*  ^  0 
wa  gat  from  (4,17); 

b’  ■  4c  ^  (Inp)* 

Cf  ■  c^(u)  ara"conatanta"of  integration. 


whara  froc  now  on 


Multiplying  by  (4,17)  •)  •  we  findi  after  a  second  Integration: 


b'  ■  0  ®  2  * 


Again  using  (4.1?)  a)  and  Integrating  we  get 


(4.19) 


c  ^  (b*)^  -  c  m  X  * 


the  general  solution  of  which  can  only  be  given  in  implicit  form. 
An  elementary  solution  is  obtained  for  C2  ■  0  ,  it  can  be  reduced 


(4,20) 


In  (4, 18)  we  found  an  integral  of  (4,l6)  with  A  inp  =  0  , 

This  class  of  metrics  will  turn  out  below  to  be  of  special 
interest.  Here  we  want  to  show  that  (4,l6)  is  already  the  £eneral 
solution  with  this  property  (after  suitable  coordinate  gauges): 

As  mentioned  in  the  derivation  of  (4,11),  ^  Inp  a  0  is  the 
necessary  and  sufficient  condition  for  "pal  after  suitable 
gauge".  We  therefore  assume  pal.  Now  the  equations  (4,12), 
(4,15)  can  be  written  as  follows: 


(4.21) 


(  ,  2D^  2  *  ^ 


♦2  ,1 


1,3  *^"2,5 


where 


D  \  i  i  Dam 
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As  ws  art  still  dsaling  vlth  the  csss  B  ,  0  ,  (the  csss  B  ,3  0 

was  fully  ovsrooaa  in  (4.11)),  ws  havt  D  0.  If  *  0  ws  ars 
back  at  our  sarlisr  assumption  b  .  >  0  which  was  nastsrsd  in 
(4.18).  Ws  thsrsfors  assuas  0,  and  intend  to  show  that 

it  can  be  reduced  to  (4.18):  From  the  first  line  of  (4.21)  ws 
get,  by  direct  integration: 

(4.22)  ■  -  2(  X  -f  f(y;u)  )  ^  ,  »  -  2  (y  +  g  (x;u)  )"^  . 

Now  the  second  line  reads 

(^•23)  (  y  +  g  ♦  gjj  (  X  ♦  f  )^  ■  2  (x  +  f  )(y  +  g  ), 

with  f  a  2l  f  ,  ...  ,  Partial  differentiation  with  respect 

J'  J 

to  X  and  y  and  linear  combination  yields: 

1 

ty,  (y  •  *)^  .  2(x.  t)  (1.  j  • 

Assume  f  ^  0.  In  this  case  the  first  line  can  be  rewritten  as 

( (» ♦  f )  ■  <  (y  *  «>  . 

and  differentiation  with  respect  to  x  ,  loving  consideration, 
and  integration  leads  to 

f  ■  c  y"^  ,  g  ■  c  x”^  ,  c  ■  c  ( u)  , 

a  solution  which  violates  the  second  line  of  (4.24).  We  therefore 
hn.;  ,  ud;  f ,  ^  -  1 :  or: 


(4.24)  I 
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^  »  c^y  ♦  Cg  ,  g  -  X  ♦  ^  «i  ■  «i  (“)• 

Instrtloa  into  (4,23)  glvoa  ^5  *  ^2  *  *®  finnlly  (•#• 
(4.22)); 

(4.25)  D  ■  -  2  0^*^  (xeoa*f  ♦  y  ainy  ♦  e)  , 

whara  eoay  ■  (  l  ♦  0^  ^  )  ,  fa  now  apply  a  gauga 

(4,10)  III  with  F  ■  a  a  +0  ,  and  arriva  at 

(4.26)  D  -  -  i  , 

whioh  agraaa  with  (4.l8)  ,  and  finiahaa  our  proof. 

As  a  final  affort  of  thia  paragraph  wa  want  to  awaluata 
the  still  outstanding  field  aquations  2  the 

class  of  aatrios  (4,16).  (4,18)  ;  In  the  notation  of  (4,14), 

0  ■  ®ab"*^^  raads  (in  gan^lral); 

(*.27)  2  ,4^53.  p-^  {  .,^3^  .  .  .,^3,  -  , 

so  that  for  p  ■  1  wa  gat  froa  (4,15)  : 

■4.33-i  - 

or: 

"4f3"  ^  (x^,u)  . 

(Aa  Next  wa  specialize  D  to  (4.26),  and  use  a  gauga  II  (with 
dyf  ■  Ib(C)  )  to  aaka  C  in  (4.16)  real.  The  aquations 
°  ■  ®ab"*^^  ^5  because  of  (4.21),  howoTar, 

only  the  T-indapandant  tarws  survive ;  they  shrink,  after  these 
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slmplifieatlonsi  to 


(4.29) 


■  (j^^+  C 


.  A  • 

C  rtal  , 


with  the  Integrablllty  condition:  0  ■  9  x  C  •  This  latter 

y 

condition  guarantooa  that  by  atana  of  another  gauge  II  (with 
9  fa  0)  we  can  effect 

(4.30)  A  X  C  a  0  , 

and  (4.29)  can  be  integrated  in  closed  form: 

(4.31)  ?'  ■  l^x)  C  • 

Here  we  have  ignored  an  additive  function  of  u  as  it  can  be 
gauged  away  by  means  of  (4.10)  I. 

The  last  equation  2  R^^m*m^B  is  of  second  degree  in  v  » 

but  for  the  class  of  metrics  under  consideration  only  the  zerotK 
degree  part  survives.  We  present  it  in  the  following  list  of 
results:  the  general  non-recurrent  type  III  (#  ®3^  0,  pal) 
expansion-free  radiation  metric  can  be  brought  to  the  shape: 

G  ■  Ids  -  (  2vx’^  *  c  )  du|^  ♦  2  dvdu  ♦  Hdu^ 

(4.32) 

l'  c ,  H  real  iC^aOa^xc. 

■{  Ha-3v^X*‘^4V(3^-2^'’^)c*A,  A^aO  ,  ^ 

!  xdx’'^A«2c(9  -x*^)c  *30  ^  *  G  ^  *  2g  •  u  * 

^  X  x  xyxu“J 

we  have  put  c  «  -  C  . 


where 
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How  can  the  roudalag  gaugtw  (4.10)  ba  uaad?  A  gaugt  II  Itada 
to  0  ■  0  if 

(2  -  x9^)tm  xe 

wfaaraby  tha  eonaarvatioa  of  tha  fora  of  (4.32)  oaa  ba  aohiawad 

by  III  with  F  ■  t  ♦  ig(u)  if  and  only  if  9.  f  ■  0.  Tha 

A  y 

latttr  ooaditlon  lapllM 

(^.33)  ^A^y**  ■  ®  * 

ao  that  xe  auat  dapand  liaaarly  on  x^;  (on  aeoount  of  (4.32), 
(4.33)  can  ba  raplaead  by  ■  0).  But  than 

f  ■  j  (xc  ♦  x9j^  xc) 

raally  affaeta  o  ■  0  ,  and  (4.33)  ia  tha  naeaaaary  and 
auffioiant  condition  on  e  to  ba  auparfluoua. 

§  3.  Propartiaa  of  tha  axpanaion-fraa  radiaUon  fialda. 

In  ordar  not  to  eruah  tha  raadar  to  daath  with  non-anding 
caleulationa  whan  daaling  with  tha  propartiaa  of  tha  axpanaion«fraa 
radiation  fialda,  wa  bawa  triad  to  antieipata  aoat  of  tha 
foraal  traataant  in  tha  pracading  paragraph.  Wa  ara  now  going  to 
iba  foraulaa  obtainad  abora  by  intrinaie  aaaning.  Lat  ua 
start  with 

JJ  WEIL* a  conforB_tanaor  of  an  axpansion*fraa 
fiald  is  of  a£acial  PETROV* typa.  2)  Tha  ra2^oj^rttaaoa 
of  an  axpansion*fraa  radiation  fiald  is  unioua  axospt  possibly 
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in  th«  east  of  a  0-flald. 

l!S£A:  In  thla  thaoraa  tha  adjaetlTo  "anpanaion-fraa" 
can  be  raplaead  by  ••pura”  .  eoapara  our  raaark  in  §  1  ; 
for  a  proof  aaa 


Proof  of  thaoraa  5.1:  In  what  foUowa  »a  will  MJca  uaa  of  aoaa 
con, fora  tanaor  propartiaa.  and  of  tha  notationa  praaantad  ia 
our  aarliar  raport  ^Jor  ia  Bapacially  BKL'a  typa 
critaria  (  \  (11.25),  paga  30)  by  aaaaa  of  aultipla  priacipal 
null  diraetiona  and  tha  ordariag  of  typaa  propoaad  by  PDfROSB 
(  .  <a«cru  pMt  Zi)  ,dll  b.  tbku  to  b«  koon.  Hth  tbio  m 
eu  dotoroiu  tbo  tn»  of  our  rodiaUo.  ntrioo  by  mum  of 
RICCI 'a  idantity 


'5.1)  •  d  1  ,  •  1~  C 

«;Lboj  *  ‘'dabo  ’ 

in  which  wa  could  raplaoa  tha  full  RiSNAmr  tanaor  R 

dabe 

by  WSIL'a  (traoafraa  dual  ayBoatrio)  confora  taaaor.  C 

dabc 

L  rirto.  of  our  fi.ld  oquotiono  (4,8)  ;  oooly  .coordlng  to 
tha  gaaaral  daooapoaltioa  foraula: 

(5.2)  I  R^^^^  ■  ®abcd  *  12  *  abed ’*  abate  *^dj  ’) 
i  «abcd  *2WdJb  •  ®ab‘»ab-f  «.b  •  J 


•1C. 


t  “abed  "Vc'djb  ’  *ab*  "ab“  IT  «ab  ’J 
and  bacauaa  -  0  .  S  J  l»«  .  s 1^^  for  pure  radiation 

■atrica.  C^^^^  in  (5.1)  i,  spacial  if  and  only  if 

(5.3)  IrM  1  .  .  0  • 

[d  *al;[bcl  ■  ®  » 

it  ia  of  typa  III  or  aora  apaeial  if  and  only  if 
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(5.4) 


^Cd^.]  itbc)  •° 


and  of  typa  N  or  0  if  and  only  if 


(5.5) 


^  a;[bcl  " 


How  wt  gat,  for  our  genaral  non-expanding  radiation  metric 
(4.9)  reapectively  (4.13),  (4,l4): 

■5‘.b,3*  ^U'bl^i'l.lb  •  "i"' 

4  (or:  , 

(5.7)  <  Ul  *^1^,31  ■ 


ft  ■  ®4^3  ■  2  ^3^  K  ♦  p  lB|^  )  ;  s  0 


and  B  a  0  implies 

5.8)  l[,Xbj-0- 

From  (5.6)  we  obtain 

^a;(bc)"  ^a^  “^LcbJ  *  '^•nibK]* 

l^a^fb^)  * 

proving  (5»3)  to  be  satisfied,  so  that  l)  of  the  theorem  is 
proven. 

In  order  to  admit  2)  of  the  theorem  we  remember  th^^iaultiple 
principal,  null  direction  1*  (defined  by  (5^||^8^qtt, 
except  for  type  D  (of  the  conform  teneo^ff^  the  latter  ease 
there  exist  exactly  two  congruencej^^^ ,hich  both  geodetic 

and  di.tortion-free;  it  is  yfi^op.n  question  whether 
the  second  conHifuancejM^^^^yg  normal  ,  or  perhaps  even 
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•zpaaaion-fr«t«  Exaaplas  will  b*  glYtn  btlow  iriiara  it  is  txpanaioa- 

tVj  Ste  (5.17). 

Next  w«  ask  for  all  aatrica  which  art  of  typa  III  or  aora 
special.  They  can  ba  charactarisad  by 

Thaoran  5*2 :  The  fialds  of  type  III,  N,  or  0  are  oharaotariaad 
aa  the  only  axpansion-fraa  radiation  fialds  which  possass  plana 
wave  aurfacaa.  Formally  they  are  distinguished  as  the  fields  (or 
which  ”  p  a  V*  can  ba  achieved.  Tliay  ware  obtained  in  (4.11), 

(JIm  0),  and  (4.32)  ,  (Slfi  0). 

Remark ;  A  corresponding  theorem  for  the  class  of  pure  radiation. 

l6) 

fields  with  a  normal  /expanding  ray  congruence  reads  as  follows: 

17) 

In  this  latter  class  the  only  fields  whose  preferred  wavs  aurfacaa 
(r,  u)  a  const  have  constant  QAUSSlan  curvature  are  the  N-flalda, 
together  with  the  SCHVARZSCHILD-like  D-fields.fBy  the"SCHWARZ« 
SCHILO-llke"  vacuum  fields  we  mean  1)  SCHWARZSCHILD's  ona-paranatric 
spherically  symmetric  class,  2)  a  similar  one>paranetric  clasa 
obtained  from  the  first  by  replacing  the  positive  curvature 
wave  surfaces  by  such  of  constant  negative  curvature,  3)  a  limiting 
case  of  both,  with  plane  wave  surfaces.  They  were  called  the 


16)  Raaembar  lemma  2.1:  wave  surfaces  exist  only  in  normal  (null) 
congruences. 

17)  They  are  the  surfaces  of  constant  "distance"  from  the  "aourea" 
at  fa  0. 
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18) 

"A-fl«lds"  in  vh«r«  on*  find*  *  eo«pl*t*  list  of  th* 
d*g*n*r«t*  atatie  vaeniMi  fialda).  Only  th*  A3-fl*ld  , 
a*ation*d  in  paranth****,  haa  plan*  wav*  aurfaea*. 

A  proof  of  this  r*nark  can  b*  eollaetad  froa 


Proof  of  th*or*a  5*2:  Th*  condition  (5.4)  for  type  III 
(or  a  Bor*  spaeial  typa)  iapliaa  th*  vaakar  condition: 

(5.10)  •H'’  • 

and  forJi^  0  v*  find  from  (5.7) »  (4.15*),  and  th*  last  lin* 

of  (4.16): 


J  ■  ^  t^[t  ^  In  t  -  with  t^  s  T^T  s 
*  *  2^ 

2,.  2  .  2.-1 
P  ^^,1  *  ^.2  K 

^  J«  Jj 

(5.11)  »  (4  p^  b  .  b*^)*'’^  Inp  . 

If  Jl  ■  0  ,  (5.10)  hold*  idantically  trua;  ifJ?|f  0  ,  (5.11) 
ahow*  that  A  Inp  *0  la  a  nacasaary  condition  for  typa  III 
to  occur.  But  w*  hav*  shown  in  §  4  that  all  natrlca  satisfying 
A  Inp  ■  0  can  be  transforaad  into  (4.32). 

Now  we  find  from  (5.7)  and  respectively  (4.11),  (4.32): 

(5.12)  fjl.O,  I 

i.  ^*;lbc]  ■  ^a^[b  **,c;x  J 

for  the  metrics  (4.11)  ;  and  after  a  lengthy  calculation: 


18) 


J.  Ehlers  and  W.  Kundt,  Chap  2  in:  The  theory  of  gravitation, 
edited  by  L.  Witten,  to  appear  at  Wiley,  New  York. 


-  103  - 


(5.13)  IJll  .  (/Tx)"**  ,  T^*-2?^lnx  , 

^  ^xiCbcj*  bj^cj  , 

V 

for  tha  Batrloa  (4,32),  Inspaetion  shows  that  both  elsssss 
sra  of  typa  III, (or  sora  spaclsl^  so  that  wa  havs  provaa  tha 
formal  proparty  "p  .  1".  Wa  claim  that  "p  .  1"  is  aquivalsat  to 
tha  axistanea  of  plana  wava  surfacas:  of  eoursa,  for  p  ■  1 
tha  2»surfacaa  (v,u)  =  const  ara  flat.  Convarsaly,  avary 
wava  surfaca  W  can  ba  dascribad  by  u  s  const,  v  »  f  (x*), 

(<  /  3 1  and  its  induced  metric  is 

(5.14)  0^  ■  p^  ( d* I ^  ; 

if  W  is  plana,  Cartesian  coordinates  can  ba  introduced  by  wfant 
of  a  transformation  (4.10)  III,  and  this  for  avary  value  of  u  ; 
which  proves  that  p  »  1  can  ba  achieved. 


Proceeding  towards  simpler  and  simpler  subclasses,  wa  state: 

Aaoraa_^^^^  Tha  fields  of  typa  N  and  0  ara  characterized 

as  tha  only  expansion-free  radiation  fields  which  possess  plana 

and  geodetic  wava  surfaces.  They  ware  obtained  in  (4.11), 

(Jl  ■  0),  and  (4.32),  (J2,f  0),  for  respectively  b  »  0  and 

,AB 

^*®\aB  ■  ^“'thar  simplified  to  b  «  0  and 

c  .  0.  We  Call  ’^wUna-Wo..4,A*^ 

Proof;  Tha  first  statement  will  ba  subject  of  §  ?,  Tha 
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second  ststsMnt  can  be  gsthsrsd  fron  ($*12)  and  ($*13) • 
rsspsetlTsly:  (5«5)  holds  good  in  (5»12)  if  and  only  if 
b  ^  ■  0,  and  togsthsr  with  A  b  ■  0  ws  arriv#  at  b^^  ■  0; 
and  tsgsthsr  with  Ah  ■  0  w#  assiws  at  b^^  in  (5.13) 

ths  condition  is  "  «  *hioh  togsthsr  with  A  xo  *0 

aaounts  to  (xo)  ..  »  0.  Thsss  ars  the  conditions  (4.12) 

fAB 

and  (4.33)  rsapsctivsly  which  wars  rseogniasd  to  bs  nscsssary 
and  sttfficisnt  for  rssp.  b  >  0  and  c  ■  0* 

Thsorsa  5.4;  Ths  subclass  (4,11)  of  sxpansion-frss  radiation 
fields  is  characterized  by  ths  ranishing  of  ths  rotation  Ijll 
of  its  ray  congruence;  that  is  ths  rajjs  ars  parallel.  This 
subclass  is  of  type  III,  N,  or  0. 

Proof:  Ths  proof  was  already  given  in  (5.7)  and  (5.12). 

By  "parallel  rays"  ws  mean  that 
(5.13)  7  1*'^!* 

holds  for  every  vector  ,  so  that  the  tangent  vector  1* 
is  parallelly  transferred  in  every  direction,  (5.6)  shows 
that  within  our  class  ,  »  0  is  characteristic  for  parallel 

rays. 

ffe  collect  some  of  our  results  obtained  up  to  this  tine 
in  the  following 

diagrand  of  the  expansion-free  radiation  fields: 
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plan* 

wav* 

surs 

fae*8 


11  ,  D 

-  ) 

III 

1 

N  ,  0 

plane  [ 

and  j 

III 

,g*od*=  i 

tic  1 

N  ,  0 

) 

wave  8ur=  ( 

r  faces  ) 

(4.16) 

(4.32) 

(4.11) 


Th*  careful  r*ad*r  has  obsarvad  that  our  formula*  (5.6) 
to  (5*13)  containad  a  graat  deal  of  geometric  Information,  and 
that  th*  coordinate  systems  introduced  in  §  4  are  highly  Intrinsic; 
compare  (4.10).  As  an  example  we  mention: 

Theorem  5«5  ;  For  the  metrics  (4,16)JJI|  and  J  (in  (5.10)) 
are  scalar  invariants  In  (4.32)  ,  x  is  an  invariant 
coordinate  via  fz  x  •  ;  y  is  invariant  up  to  a  u-d*p*ndant 

translation;  the  degree  of  arbitrariness  of  v  depends  on  how 
far  on*  can  specify  c  (in  general,  f  in  (4.10)11  is  cut 
down  to  faa(u)x^«'b(u)x  ♦c(u)y'fd(u));  and  u  is  unique 
up  to  an  arbitrary  scale  change  I. 

The  proof  is  almost  obvious.  For  example,  y  is  intrinsically 
distinguished  by:  y  1*  ■  0  ■  y  x**  ■  y  v**  ,  y  y**  ■  1  , 
in  which  equations  only  v  is  not  invariant,  resulting  in  an 
undeterninacy  of  y  by  an  additive  multiple  of  1  . 

I®  ® 

If  the  field  is  conformally  flat  w*  have 


19)  Flat  space-time  is  excluded. 
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jUi^  0,  and  again  tha  ray  eongraanea  la  Intrinaleally  datarniaad 
(by  •  Wa  hava  Ignorad  tha  poaalbla  twofold  aabignity  of  1 
for  D-flalda  with  /a*  0. 


Tha  H-elaaa  of  plana-frontad  wavaa  with  parallal  raya  appaaring 
in  tha  botton  Una  of  our  dlagranf  la  tha  ainplaat  and  baat 
undaratood  aubelaaa.  It  haa  baan  aubjact  of  nany  papara  by  varloua 
authora,  and  la  thoroughly  traatad  in  our  artiela^^\  For  tha 
aaka  of  eoaplatanaaa  wa  quota  aoma  of  Ita  charaetariatle 
propartlaa  In 

Thaoraa  5*6;  Aamng  all  fialda  aatiafylng  aquatlona  (4.8)  tha 
plana  frontad  wavaa  with  parallal  raya  (*  pp  waraa)  ara  charaetarls 
aad  by  ona  of  tha  following  propartlaa M)  Thay  ara  tha  puraly 
tranavaraa  axpanaion-fraa  radiation  fialda  with  non-rotatlna 
raya.  2)  Thay  poaaaaa  a  covariantly  conatant  null  raetor; 


(for  racuum  fialda  .  ^  ^ba  proparty  **null”  la  a  conaaquanea). 

2)  Thay  poaaaaa  a  corariantly  conatant  bl vac tor  ;  (thia  biraetor 
la  nacaaaarlly  null).  4)  Thair  conforn  tanaor  la  con£lax_raeiirrant  : 

p»‘  '.bed  “  "'.bed  *  ’’.bed  •  «>«  f’.bcd,.  •  ’’rtcdl.  • 

2)  Iba  Inflnltaalaal  holonowy  group  la  2-diaanaional. 

Explanation:  tha  natric  fiald^  la  callad  "puraly  tranavaraa" 
in  a  point  x  if  thara  axiata ,  in  x  ,  a  null  vactor  1^  auch 


20)  Thia  proparty  waa  provad  by  J.N.  Goldbarg  and  R.P.  Karr, 
Aaron.  Raa.  Lab.,  Ohio  i960. 
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that  relative  accelerations  and  relative  rotations  of  inertial 
directions  are  orthogonal  on  the  space'projection  of  1^  into 
the  3-space  of  every  observer.  The  constant  null  bi vector 

of  the  pp  waves  will  be  discussed  below  in  connection  with 
the  MAXWELL  field. 

As  was  nentioned  in  2)  of  the  last  theorenii  pp  waves  adnit 
a  constant  null  vector,  that  is  especially  a  group  of 

isometries  with  lightlike  orbits.  The  question  arises  whether 
this  weaker  property  is  already  characteristic.  The  answer  is 
negative^ and  gives  further  insight: 

Theorem  5.7  The  only  solutions  of  (4.8)  which  admit  a  G 

1 

with  lightlike  orbits  are  1)  the  pp-waves  and  2)  a  class  of 
II  (D)-field8  which  are  given  by  (4.16)  together  with 

(5.16)  A  «  0  , 

and  the  rest  of  (4.8).^^^ 

Theorem  3.8  t  The  metrics  (4,i6),  (5.16)  of  the  preceding  theorem 

include  the  fields  (4,20),  which  contain,  as  a  simplest  represen= 
Static 

tative,  the'^vacuum  field 

(5.17)  G  a  x'^'^^ldz  -  vx"^^^  du|^  ♦  2dvdu«  v^x'^^^du^. 

This  last  field  possesses  a  second  expansion-free  ray  congruence 

-1  14) 

spanned  by  the  gradient  of  vx  ;  it  is  therefore  of  type  D. 

21)  The  corresponding  theorem  3.3  in  is  wrong. 

22)  The  last  line  of  (‘*,16)  is  here  identically  fulfilled! 

23)  It  is  th«  tield  in  the 
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Proof  of  thooroa  5.7;  Coaaidtr  a  spaoa-tiat  which  adalta 
a  null  KILLIRO  voetor  k.: 

(5.18) 


k*k 


a 

Oak 


(a;b)  • 

has  vaaiahing  propagation  dariTativa;  ^k^  .  0  ,  hanea  wa 
can  uaa  tha  daeoapoaition  foraula  (2,2),  aad  obtain; 

*’*““•  “(.ib)  •  ®  •  »«t  e  .  0  .  «•  u  .  0  for 

-a..b 


R 


ab 


k  k  •  0  ,  (eoiporo  (2.15)),  u>d  itroa  (5.19)  ^.plifi,,  to! 


(5.20) 


‘.ib  •  0  • 


.0  thorofor.  hor.  k^j  .  0  .  .0  thot  tb.ro  .:ci.t.  .  .c,i,r 

•  '*^1  aay,  with 

(5.21)  a^  k  ■  It  , 

a  ,a 

Inaartion  into  (5.20)  yialda 

(5.22)  ■  ''.a  *  *  ‘'a  » 

"irt  '»,b)  0. 

Wa  hava  found  that  is  tangant  to  an  axpanaion.fraa  ray 
oongruanea,  and  that  aoraovar  1,  »  u  aatiafiaa  (5,23). 

A  eoapariaon  with  (5.6),  (5.7)  giraa: 

(5.24)  T  i  a  ,  , 

.a  a, 3  * 

ao  that  (5.23)  baeoaat aquivalant  with  tha  intagrability  conditiona 
^5  V..b,  •  0  • 

Row  again  wa  bara  to  diatinguiah  batwaan  «  0  and  0  ,  In  tha 
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first  cast,  (5.25)  is  aquivalant  with  (4.12),  ao  that  wa  daal 
with  tha  null  aubclaaa  (pp  wniraa).  Por  tha  raat  of  tha  proof  wa 
assunajl/0:  wa  tharafora  hawa  (coapara  (4.16),  (4,14)). 


(5.26) 


■a.3*P  ^^1 


a  b  •  w- 

*****  ®ab^  ■  ■  0  amounts  to: 

(5.27)  *4  „  -  i  p“^  (a  ^  ^ 

4,33  2  ^  '"1,3  ♦*2,3 

Now  wa  find  from  (5.24)  and  (5.26): 

(5.28)  C  a  _  *  “5  r  f  fh's 


.  *3 


*1,31  ■  "2,32 


■a,3  *  3,  [f(b)  +£(0)]  .with) 
f  ■  P^(b^^^-f  b  2^)-''  .  J 


Naxt  wa  gat  froa  (5.25)  :  0  .  .^^33  .  and  (5.2?)  yialda: 
(5.29)  f...  «  f  _  f 


with  auaaatlon  ovar  rapaatad  indicas.  Or  aora  axplicitly: 

(5*30)  f"  b  .  b  ♦  b  ■  K  K 

.A  .A  ®.AA  ■  ^  **.B^B• 

Wa  now  uaa  ona  aora  fiald  aquation  (takan  froa  (4.i6)): 

(5.31)  -  I  . 
and  inaart  it  in  (5.30)  to  obtain: 

(5.32)  (f".|f.^)  b.b..O  . 

.).«.  ...  .u  ..d.  of  (5.28)  .  H.r,  th.  firot  fetor  .wt  tmHoi, 
of  Jl  ,f  0.  Nogloctio*  tptrtia  co..t«it.  of  intogp.tioii. 

wa  gat 


(5#33)  f  «  •  j  In  t  b  1  . 

nth  this  rasult  wa  antar  into  (5.28)  to  aliainata  f: 


no  - 


(5.3V) 


f 


and  find  that  (5.31)  baconaa  aqulvalant  with  (5,16). 

In  ordar  to  aatiafy  tha  last  of  aquatioaa  (4,l6)  wa  usa  it  in 

tha  ahapa  of  (4.15)  ,  and  apply  (5.27)  to  aliminata  tha  dariTatiras 

of  ■^,3  •  'ocaiva 

(5»35)  A  Inp  ■  r  p^  (  b, .  b  .)  . 

.  ,  ,  **  iatts^ud 

Aatoniahingly  anough,  thia  aquation  ia  idantieally'^by  (5.34)  with 

(5.16)  :  In  order  to  aaa  thia  tha  aubatitution  b^^^  5  F  ia 

uaaful,  for  it  turna  (5.35)  into 

(5.36)  4  In  P  F  ,  .  0  ; 

t  A  I A 


which  holda  true  in  virtue  of  F  being  a  potential  function. 


So  far  wa  are  at  tha  and  of  our  proof.  Wa  have  not  yat  taken 
account  of  tha  three  fiald^  aquationa  R  .  n*  t**  *  0. 

AD  ’ 

A  1E) 

2P^jjm  n  •  -/A  ,  (which  are  aaaay),  nor  have  wa  conaidarad 
tha  two  final  conditiona  (5.25)  : 

(5.37)  .  0  . 

The  axaapla  of  thaoraa  5.8  auggaata,  howavar,  that  no  contradiction 
ia  to  be  axpactad.  At  laaat  our  claaa  2)  of  thaoraa  5.7  ia  not  aapty. 


Wa  are  not  willing  to  praaant  tha  calculationa  landing  to 
thaoraa  5.8.  That  (5.17)  ia  a  atatic  aatric  can  ba  aaan  by  intro* 
ducing  V  ■  vx  ^  aa  a  new  coordinata: 
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(5*38)  G  ■  X  |d*|^  ♦  2  X  dv  du  ; 

h*pt  -  (J*  ia  •  tlmellkd,  hyp^rsurf ace-orthogonal 

KILLING  vector. 

The  rest  of  this  paragraph  shall  be  devoted  to  MAXWSLL's 
field  which  gives  rise  to  yu  ^  0  in  the  combined  EINSTEIN- 

NAXWELL  equations  (4.1),  (4,8).  That  is  we  consider  el^ct£omag= 
■etic  waves  which  travel  shoulder  by  shoulder  with  pure 
gravitational  waves;  (the  latter  represented  by  the  relative 
acceleration  field  determined  through  the  conform  tensor).  As  was 
already  pointed  out  in  §  4,  suck  waves  have  to  obey  the  equations; 

(5.39)  r-2  ,  k*k,  .  0 

ab 

cb  V  ■  0 

V.  ^  ;b 

whereby  the  first  line  fixes  to  be  of  the  form  (4,6): 

(5.40)  ,  2  9^'^  ^b]  ’  a" 

here  can  be  chosen  as  one  likes.  Now  the  second  line  is 
a  linear  system  of  first  order  differential  equations  for  ^ 

(which  need  not  have  a  solution).  For  W «  0  ,  the  general  solution 
'f  is  obtained  from  a  special  one,  ,  by  adding  an  arbitrary 
function  of  a  phase  u  ,  where 

(5.41)  k  »  it  u .  . 

(For  a  proof,  assume  'fj  ,  i  ■  1,2,  to  be  two  solutions  of 
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(5.39)  t  (5.^0).  Th*ir  diff«r«nc#  Ys 

V^b  *  ®  *  ®^*®®®‘  ‘V'^b  *  “  b  *  necessarily 

0(>c((u),).  We  are  therefore  only  forced  to  find  special 
solutions*  Let  us  try  to  find  such  solutions  for  the  expansion* 
free  radiation  fields! 

Consider  our  metrics  (4.11),  (4,l6),  (4*32).  In  all  of  them  jA 
was  left  arbitrary  except  for 

(5.42)  0  ;  (^«  . 

It  now  turns  out  that  yu  has  to  satisfy  a  non-linear  third  order 
differential  equation  in  order  to  allow  for  a  solution  (5*39), 
This  equation  admits  as  solution  an  arbitrary  function  of  u  , 
and  in  this  special  case  we  can  easily  solve  our  problem*  If, 
however,  ^  depends  on  the  spabial  coordinates  ,  we  can 
only  present  special  solutions*  We  claim: 

t 

Theorem  3*9;  For  7/^  «  0  ,  the  general  MAXWELL  bi vector  in 
an  expansion- free  radiation  field  (4*11),  (4*l6),  (4*32)  is 
given  by 

(5.43)  .  2  (u)  , 

f ,  f  real  . 

(Note  the  special  case  of  a  pp  wave  with  ^  ^  *  0  ■  y 
in  which  ^  .  is  constant!)  * 

t 

For  7^^  0  ,  must  necessarily  have  the  shape  (ja*  ); 
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(5.W  <i.  .  (k,  .  *  i  k  ♦  ) 

•*’  t*.M  C»,bJ  '■ 

"im:  ■  “,£a  “.b]  • 

•nd  (5.39)  become  equivalent  with 

(5.45)  I  '**.*•  ■  *  XjV’  .  . 

I  £  .111  (AB)  .  (12)  ) 

I  ^  I  a  ■  (21)  r  , 


Otherwise 


tflioae  integrability  condition  0  .  ia  of  third 

ilABJ 

order  in  Af  ,  (5.4s1  la  aniwarf  Hv  lo  _  a  ..-.j 


order  in  >«  .  (5.^5)  is  solved  by  if  .  0  if  and  only  if 

(5.46)  e^  ■  fVx)  with  4  f  *  0; 

for  p  .  1  a  special  solution  of  this  kind  is  given  by 

(5.4?)  ie  .  (a(u)  z  ♦  b(u)  |  ,  a,b  complex  , 

Proof;  (5.43)  clearly  satisfies  the  first  line  of  (5.39)  , 

The  second  line  of  (5.39)  is  equivalent  with  t.  »  0 
w  £*b,cj 

because  of  <1?^^  ■  -  i  ,  and  is  therefore  obviously  fulfilled, 

(5.43)  is  the  general  solution  (in  the  ease  .  0  )  because 

f  depends  arbitrarily  on  u  (compare  our  remark  above). 

z 

We  come  to  the  case  V ^  ^  0,  Here  again  it  is  not  difficult  to 
see  that  (5.44)  ia  of  the  form  (5.40).  In  order  to  satiafy  the 
second  line  of  (5.39)  we  use  the  formula 


(5.48) 


7abcd  *  ?f*7b  "dj 
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(5.49) 


^•,bj 

“•  *  ^  ‘^'a  ^  AB  ^,B 


(auBfflatlon  over  dummy  indices).  We  thus  get  from  (5,44) 

(remember;  1*  .  J*  ;  «nd  .  g'''/^  (  g1/2pab  j 

.  *  fb 

for  every  bi vector  F*”  )• 

;b  ■  ^  (/'♦i  ^  )  +  D®  8gl  -8*7  if 

and  (5.39)  yielda: 


(5,50)  ^  =  0  ,  7  f  -  i  (7A  ,  9®  8^  )  . 

B 

This  last  equation  reads  in  matrix  form: 


(5.51) 

‘^.a] 

>.r 

»,i  \l  -  *,1  \2  j 

:i,2. 

m 

\ 

x.l  ^,1  *n,i  X,2  MhJ  ' 

which  is  easily  solved,  with  (5.45)  as  the  result. 


The  rest  of  theorem  5.9  is  understood  as  follows:  if  f  .  o 
is  to  be  a  solution  of  (5.51)  .  the  first  line  tells  us  that 
^  must  be  a  function  of  ie  ;  we  write  e^  ,  f •(,«).  But  then 
the  second  line,  multiplied  by  e^  ,  gires  A  f  •  0. 

Conversely,  starting  with  a  suitable  potential  function  f, 
one  can  try  to  solve  e^  -  f  (k)  (with  e^  given  in 

(5.44)  ,  and  Km  F(f)).  In  this  way  one  easily  finds  the  solution 
(5.47)  ,  with  la|  f  .  in^e .  -  in  I  as  ♦  b  I  , 
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|_6  Plane-front«d  wavs  in  MAXWELL'S  thtory. 

In  this  paragraph  we  want  to  study  those  electromagnetic 
wave  fields  in  flat  spaee>time  which  one  would  intuitively  call 
plane-fronted;  namely  the  waves  emitted  by  an  idealized 
searchlight.  Contrary  to  our  previous  manipulations  we  will 
this  time  use  MINKOWSKIAN  coordinates.  Tke  reason  for  presenting 
an  intuitive  derivation  is  twofold;  1)  to  penetrate  our  formal 
operations  of  above  with  physical  understanding,  and  2)  to  win 
a  reasonable  formal  definition  for  what  one  should  call  "plane- 
fronted"  in  a  curved  . 

Consider  an  electromagnetic  point  source  in  flat  space  which 
is  located  in  the  focus  of  a  good  lens.  The  waves  which  we  find 
behind  the  lens  shall  be  called  "plane-fronted"  even  if  the  lens 
is  allowed  to  move  at  constant  distance  from  the  source.  We  are 
going  to  derive  the  general  MAXWELL  field  of  this  kind;  Consider 
a  (plane)  wave  front  which  at  time  t  is  just  about  to  leave 

the  lens.  Its  history  is  described  (in  MINKOWSKIAN  coordinates, 
c  «  1 ) ,  by; 

(6.1)  S(  x**  ;  u)  -  t  ■  0  ,  S  ml,  (xm  1,2,3)  , 

I  ft 

whfrw  S  ia  the  eikonal  function  which  depends  linearly  on  x*^  . 
The  parameter  u,  a  co-moving  (null)  coordinate,  is  designed 
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to  number  8uee«88iv«  wave  aurfaeea;  necessarily  o  for  s  0* 

Talcing  for  u  the  retarded  time  ,  (6*1)  reads  more  explicitly: 

(6.2)  x**8j^  (u)  ♦  u  -  t  ■  0  ,  8*^  8^  »  1. 

Sclving  with  respect  to  u  we  get  u  a  u (x^)  , 
with 

(6.3)  (1  ♦  ^  "  *^8  ’ 

whence : 


(6.4) 


■  “..b  *  *  />“..“.b| 

•a-2  1n(1+x('8«*),  r.u’*«0,  r 


Ta-£j.av  I  a  ^ 

T  .  *  2 

Note  the  special  case  of  a  resting  lens  (parallel  rays): 

8^  a  const  ,  ♦  r  •  0  a  . 

Formula  (6.4)  shows  that  the  vector  u  _  describes  an  expansion-free 
ray  congruence  for  which  one  can  always  find  an  accompanying 
null  MAXWELL  field  (compare  our  remarks  in  connection  with  (4.6).) 
The  latter  field  is  unique  0)  up  to  a  u-dependent 

"amplitude  factor"  e^,  and  a  u-dependent  "duality  rotatiuJ* 
of  angle  'f  (in  our  notation  of  (5*44 )).  We  are  going  to  present 
this  field  explicitly:  The  ansatz 


(6.5) 


eeu^^  a  -  2  ,  1 

with  x»X.u*^*0  ,  j 


for  the  electromagnetic  null  field 


Fj^j  satisfies  MAXWELL'S 
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•quationa  ^  °  j  ®*^y 

(6.6)  (  .  0  ; 

and  one  can  eaally  nake  aura  that  it  allowa  for  the  generality 
(anblgnity)  deaeribed  above;  ((6.6)  admita  two  aolutlona  whoae 
gradlenta  are  apacellke  and  orthogonal  on  each  other).  We 
have  ahown: 

Theorem  6«1  Equa.  (6.2),  (6.5),  and  (6.6)  deacrlbe  the  general 
plane-fronted  MAXWELL  wave;  amplitude  and  polarization  are 
determined  by  one  (real)  function  which  aatiafiea  a  generalized 
homogeneoua  wave  equation,  and  which  ia  conatant  along  the  raya. 


A  compariaon  of  (6.4)  with  (5.13)  ahowa: 

X/2  -I 

'c  -  2  Inx  ,  ^  e  ^  x  for  r  W  0.  In  order 

f  ® 

to  compare  (6.6)  with  (4.32),  we  have  to  write  both  formulae 
covariantly:  In  (6.6),  of  courae,  commaa  can  be  replaced  by 

aemicolona.  But  for  the  general  metric  (4.32)  one  geta 

(c  ^  ■  _”(k+1 ) »  k  *1  .  . 

VO. 7;  x7  xa»x  ^x  a,  if  a  -O, 

• 

where  uae  haa  been  made  of 


(6.8)  . 


r  2 
p 

“l 

2 

P 

*2 

.■i 

0 

-I 

"2 

1 

2-4 

-1 


r  -2 

p 

I -P’^«i 

i 

■0 

• 

IS. 

1 

fV> 

•2 

-P 

-P  -2  -  « 

i 

J 

for  p  «  1  ,  ■  0  .  Wow  put  c  ■  0  ■  n  in  (4.32)  to  obtain 
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the  general  plane«fronted  gravitational  wave  with  rotating 

rays.  It  la  deaeribed  by  one  function  aatlafying  the  same 

-  t  /2 

equations  as  the  scalar  •  '  which  describes  the  rotating 

plane-fronted  electromagnetic  wave  field!  An  even  simpler 
correspondence  prevails  between  (6»5)t  (6.6)  and  (4«11), 
that  is  between  the  subclasses  with  parallel  rays*  This 

fact  reveals  a  one-to-one  correspondence  between  plane-fronted 
electromagnetic  waves  and  plane-fronted  gravitational  waves 
(if  theorem  3*3  is  admitted).  In  this  correspondence,  however, 
one  must  count  "modulo"  constant  electromagnetic  fields,  as  the 
corresponding  gravitational  fields  are  flat;  in  agreement 
with  the  fact  that  (constant)  accelerations  have  no  invariant 
meaning  in  a  general  space-time,  but  only  relative  accelerations 
of  neighbouring  objects. 

§  7.  The  plane-fronted  radiation  fields 

We  are  going  to  collect  a  number  of  properties  of  those 
MAXWELL  fields  which  we  called  "plane-fronted"  in  the  preceding 
paragraph  into  the 

Definition  7.1  A  of  signature  ♦  2  satiafying  the 
fields  equations  (4.8)  is  called  a  plane-fronted  wave  if  it 
has  the  following  properties:  1)  contains  a  ray  congruence 

(  a  geodetic,  distortion-free  null  congruence). 


2)  admits 
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ft  2-pftrftmetric  set  of  simple  coverings  by  plsne  end  geodetio  wsve 
surf sees. 

The  coverings  described  under  2)  were  given  in  (6*1)  by  uaconst, 
S  -  const,  where  v^  corresponds  to  sn  erbitrery  velocity 

of  the  (rigid)  system  of  observers;  (S  is  supposed  to  trsnsform 
like  a  scalar  under  frame  changes,  whereas  t  of  course  does 
not.*  Only  if  is  linearly  independent  of  the  v^  do  we  get 

24) 

different  coverings  (,  hence  only  a  2-parametric  set).  In  this 

paragraph  we  want  to  construct  the  general  plane-fronted  wave;  (as 

we  do  not  exclude  flat  space  the  congruences  (6.4)  will  be 

contained  in  our  solutions).  The  result  was  anticipated  in 

fAdiakticia 

theorem  3.3:  the  plane-fronted  waves  are  the  expansion-free'^fields 
of  type  N  or  0  . 

Proof:  Consider  a  plane-fronted  wave  in  the  sense  of  the  above 
definition.  From  lemma  2.1  and  the  assumed  existence  of  wave 
surfaces  we  get  that  the  ray  congruence  is  also  normal. 

Consequently,  the  fundamental  form  can  be  brought  to  the  form 

(3.9)  or  (3.12),  that  is  to  the  form 

(7.1)  G  =  p^  |dz|^  ♦  2  m^dx  ®  du  ,  pmj  4  0. 

(We  prefer  to  dispense  with  the  gauge  "m^  *  1"  in  the  following 

24)  Observers  travelling  in  the  direction  of  the  wave  normal 

agree  in  their  definitions  of  "wave  surfaces  at  fixed  tine". 
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dcrlvationi  as  wa  lattnd  to  •paelallsa  tht  shapa  of  tha  alkonal 
function).  For  thaaa  natriea  tha  aaauaad  sat  of  ooTarlnga 
must  ba  axpraaalbla  in  the  forn  (eonpara  tha  daflnition  of 
wava  surfacaa  in  S  2): 


(7.2) 


1 


u  ■  const 


)  .  If  r  » 

[  S  (x  ;a  )  ■  const  ,  (If  a  1,2)J 

(7.3)  rank  t  S  _  ^  0  for  a*^  ■  0, 

'9x-^9a*^  ^x<l  *5 

(o(*  1|2|3)  .  (7.3)  axpraaaaa  tha  linear  indnpandanca  of  tha 

normals  to  tha  original  surfaca  [(u,  S  )  a  const  for  a*^  a  oj, 

and  to  two  neighbouring  ones  ^  o]  ;  that  is  tha  fact  that 
If 

tha  parameters  a  are  essential.  By  a  suitable  (in  general  not 
affine)  gauge  of  v  we  can  affect: 


(7.4)  S  •  V  ♦  0(  a*^)  . 

The  gaodeslwa  of  (7.1)  are  tha  solutions  of  tha  LAGRANGEan 
system  belonging  to 

(7.5)  L  a  p^ji|^  ♦  2  m^x  *  u  ,  ^ 

A  geodesic  of  tha  hyparsurfaca  u  a  const  can  only  bo  geodesic 
2  *2 

of  (7.1)  if  (p  )^^l*|  »  0,  that  is  if  p  is  independent  of  v 
Tha  surfaces  for  a*^  a  0  shall  ba  plana,#  p  can  ba  made  1 
by  naans  of  a  gauge  (4.10)  III.  With  this  tha  geodesics  of  tha 
surfaces  (7.2)  are  described  by 

(7.6)  u  .  0  .  V  a  S  . 
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They  are  assumed  to  solve  the  LAGRANGE  equations  belonging 
to  (7t3)  with  p  s  1;  this  demand  amounts  to  the  one  equation 


(7.7) 


0*^  (m.x*  +  m,  v) 

AT  A  ^  2 

•A»B«  "A*  ••  • 

K 

together  with  (7.6)  and  (7.^)  i  identically  in  a  i 


We  are  going  to  evaluate  (7.7). 


V 

1^.  a  a  0  ;  (7.7)  implies  .  =  0, 


(7.8) 


(A,B) 

=  -y  g(v,u)  +  h^  (  v,u  ) 
m^  a  X  g(v,u)  +  (  v,u) 


♦  A  •  B 

and  the  term  m.  „  x  x  in  (7.7)  vanishes. 

A,B 

2.  First  order  in  a  :  WS  expand  S  : 

(7.9)  S  a  V  ♦  a^kjj  (x*  )  +  0  (a’^s^)  ,  _ 

and  obtain  from  (7.7): 

(7.10)  0  a  a*^  x^x^  (njk  ^  LB^  *  ‘^  )  * 


"a*  2  “(A, 3)- 

one  finds 


Using  this  equation  for 


L  a  M 


(7.11) 


I 


whence  p.  ■  p  .  without  restriction  of  generality  (put 

If  f  L 

K  a  1)  .  The  Integrabllity  condition  ^  ^  (LMj  * 

“  ^  KM^  P  LM  wither  p  a  0  for  K  ^  L  , 

or  1  a  1|^  .  The  latter  case  violates  the  rank  condition 
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(7.3) I  ergo 
(7.12) 


‘'k,12  *  ®  • 


Now  (7.10)  for  (L,M)  -  (1,2)  iaplies 


(7.13)  ‘lt,(l“2)  ■  “ 

with  th«  only  solution  *  0  because  of  det  (ICj^^j^)  4  0 

(on  account  of  (7.3)).  "nie  integrability  condition  ^ 


n,s  -0 


of  n^^  s  0  leads  to 


(7.1^) 


g  (  V  ,  u)  «  g  (u) 


-  h*  ,  (v,  U) 


Last  step:  (7.7)  has  now  boon  reduced  to 

0  ■  3,  In  “*  •  7?  (v"^  ) 

(7.15)  -  3  3  ^  ■ 

with  (7.6)  ,  identically  in  a  j  . 


By  .UmiMtlllg  i  fro.  0  .  S  .  5,*  «*  *  *,3  ’ 

(7.16)  4,  (*-')  -  (S  i*)*'  i'  i  '{S  (S_,„  - 

■®,3  ‘^BC  ■  ®,B5  ®  ,C  ®  ,3  ) 

which  has  to  hold  for  arbitrary  x*  .  The  x^  can  therefore  be 
"divided  out"  ,  and  insertion  into  (7.15)  yields 

^3  {^“  "3  *  ‘®,B  ®  ,C  ®  ,3  1  ®  .3®  ,BC*®/g  f  c'  ’ 


(7.17)  S.  Bc  •  '^3  «  .B  ®  .C  ®  .3*'  *  ®  .B  ®  .C  =  .3*'  ^^""3  ' 
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Here  wt  have  the  integrablllty  conditions 

(7.18)  0  ;  S  .  S^J-’  S  S  ln.j  *  0(.w 

which  must  hold  identically  in  a^  ,  so  that  9^  Ini^  >0, 

^  a,  >  ■  a,  F  >  (x^  ,  tt)  •  Prom  (7*14)  we  obtain 

5  |W 

(7.19)  -h^  j  (v,u)  ■  F  ^  (x^  ,  u)[-  hg^j  (v,u)  x®  +  h  (v,u)|  . 
which  implies 

(7.20)  h.  ,  »  j.  (u)  1  ,  (v,u)  ,  h  •  j,  (u)  1  ,  (v,u)  , 
as  can  be  seen  by  logarithmic  differentiation  of  (7.19)  with 

n 

respect  to  x  .  Now  we  collect  from  (7*8),  (7.1^).  (7.20): 

^ »  -y  g  (u)  ♦  (u)  1  (v,u)  +  (u) 

>«  m2  ■  OC  g  (u)  ♦  ^2  (“)  1  (»*“) 

a^  ■  -  [  Ja  (“) X  ^  (“)]  1^5  (vt“)  J  • 

Instead  of  v,  1  (v,u)  can  be  introduced  as  the  new  variable 
V  ;  (  1  ,  0  holds  according  to  (7.1)  )  *  As  none  of  the 

earlier  assumptions  is  violated  by  this  gauge,  (7.21)  is  now 
valid  with  v  instead  of  1  (v,u)  .  The  plane  and  geodetic 
coverings  are  then  given  by  (7*2)  with 
(7.22)  S  =  V  ♦  a*^  x*^  , 

they  satisfy  (7.17)  identically,  and  all  conditions  of 
plane-frontedness  are  taken  care  of* 

4,  In  order  to  show  that  (7*1)  with  p  >  1  and  (7*21)  are 

the  announced  N  (O)-fields,  we  siaplify  a^  by  means  of 

the  gauges  (4.10)*  In  this  process  we  make  use  of  the  fact 
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that  (7.21)  are  form-invariant  under  the  restricted  class,  for 
which  f  in  II  is  linear  in  x,y,  and  |F'(  s  J  in  III; 

(because  all  presuppositions  are  form-invariant  under  this 
class).  Two  cases  have  to  be  distinguished,  namely  Jc»  0  and 
0  as  above. 

a)  =  0.  In  this  case  dv.  j^(u)dv  leads  to  mj  =  1  , 
and  g  and  n^  can  be  gauged  away  with  III.  We  therefore  arrive 
at  (4.11)  with  b  =  0. 


b) 

Ja  Ja  =  • 

The  succ 

eeding  gauges 

1. 

(u) X  ^  (u)  . 

k  X  , 

Jc  V  .  V  ,  (ip-  j, 

2. 

V  - 

y  g  (u)  ■  V 

(  ^ 

g  a  0) 

3. 

v  + 

(u)  s  V 

( 

=  0  ) 

4. 

y  ♦ 

Jn^  (u)  du  my 

n2  a  0  ) 

transform  (7.31)  into 

(7.23)  Cl  M  (dz|^  *  2  (vdx  -  xdv  +  j  H  du  )  du  . 

from  here  the  canonical  form  (4.32)  with  c  a  0  is  reached  by 
the  transformation  -xv  a  v  ,  (which  destroys  the  form  (7.22) 
of  the  eikonal  function).  This  remark  finishes  the  proof. 
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CHAPTER  IV«  HYDRODYNAMICS 

§  1,  Basic  Conotpts*  D«composltion  of  tht  vloclty-gradltnt 

In  the  theory  of  relativity  the  history  (motion)  of  a 
continuous  medium  is  described  by  a  congruence  of  tlmellke 
curves,  the  worldlines  of  the  fluid  elements*  With  respect 
to  an  arbitrary  local  coordinate-system  let 

(1.1)  X*  ■  X*  (y*^,  s) 

be  a  parameter-representation  of  the  congruence;  here  (y^) 
serves  to  identify  a  curve,  and  s  measures  proper  time  along 
it.  Then 

(1.2) 

is  the  (four-)  velocity  field  . 

If 

(1.3)  ^ 

denotes  the  variation  transverse  to  the  streamlines  and  a  dot 
indicates  covariant  differentiation  with  respect  to  s  along 
them  we  have 

(1.4)  (  ^x*)  •  u*^jrfx^  , 

l.e*  a  connection-vector  Sx^  of  two  neighbouring  curves  is 
Lie-transferred. 

Introducing  the  projection  tensor 

(1.5)  ■  ^b  * 
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we  way  fora 

(1.6) 

which  may  properly  be  called  the  relative  radius  vector  of  the 
respective  particles.  The  Fermi>derivative 

(1.7)  V*  1  h  *  (  d^x**)* 

of  it  is,  by  definition,  the  velocity  of  the  particle  (y^  *  ) 

relative  to  (y*^  ). 

The  (absolute)  accelerations  of  the  particles  are  given  by 

(1.8)  u®  ■  u*  .  u**  .  (  u  u*  s  0  ) 

;b  a 

The  five  preceding  equations  allow  to  calculate  the  relative 
velocity  field  describing  the  flow  near  one  particle;  one  obtains 

(1.9)  V*  ■  u*  • 

As  in  ordinary  hydrodynaalcs  we  deconpose  the  tensor  u®  .hf 

f  0  D 

effecting  the  transformation  ^x®«^v®  into  Irreducible  parts: 

(1.10)  “.jc"?  •  Sb  •  «’.b  * 


wi  th 

(1.11) 


6) 


(ab)  ■  ®'ipb]" 


0.  W.j,u 


«'ab“ 


Accordingly  the  infinitesiaal  transformation  (1.9)  i*  •  superposition 
of  a  rotation  e.)®^  ^x^  ,  a  voluae«pressrving  deformation 
^  ,  and  a  dilatation  j  ddlj^x  ®  . 
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•  I 

The  distances  1  (  adjacent 
particles  change^  in  consequence  of  eqs.  (1*7, 9, 10, 11), 
according  to 


(^1)‘  1 


yr  ■  3  a  ♦  '?.b  •  • 


a  -  b  / "  a  _  4ix  *  a  ,  V 

'•  ‘TT  -  V  •  ’>• 


(1.12) 

and  the  directions  pointing  to  the  surrounding  particles  change 
as  follows: 


(1.13) 


ib*)*' 


Sq.  (1.12)  inplies 
(1.14) 


(^V)‘ 

TF 


if  a  bar  denotes  averaging  and  Jv 
piece  of  the  medium. 


is  the  volume  of  a  small 


According  to  (1.15)  ,  hj  e^*  ‘^*b**^  holds  precisely  if 
e*  coincides  with  a  main  direction  of  shear  (7®.  e'^'-'e *). 

D 

Consequently,  that  material  orthogonal  throe*leg  which  coincides 
at  a  certain  time  s  with  the  eigen  three-leg  of  the  shear 
velocity  tensor  undergoes,  during  (s,  s+ds)  ,  the 

infinitesimal  rotation  determined  by 


From  equS.  (1.10,11)  we  obtain  the  explicite  expressions 
(1.13)  .  u.,  , 

(1.16)  ®.b  ■  “(„b)  •  “(.“b)-?®",., 

(1.17)  0»  u* 

:a 
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for  th«  vortox- tensor,  the  shear  tensor,  and  the  expansion 

scalar,  respectively.  (  ♦  J®^ab  rate-of“etrain  tensor.) 

In  place  of  the  vortex  vector  (or  angular  velocity) 

(1.18) 


sS  1  ^abcd  1  abed 

•in  “b‘^cd*?n 


“b“c,d 


can  be  used;  in  the  local  rest  frame  defined  by  u*tc‘  is 


the  (spatial)  dual  of  tO  u  : 


■.b  '  *!.bcd»°“'‘  ■  <» 


(1.19)  0)^ 

The  relation  in  brackets  shows  to  determine  the  axis  of 
rotation  which  is  orthogonal  to  the  plane  defined  in  the  tangent 

apace  by  the  simple,  spacelike  bivector  tO  u  . 

AD 

In  general  a  timellke  congruence  has  nine  (independent)  first 

order  invariants:  The  six  "spatial"  components  of  u*  and 

with  respect  to  the  eigen- tetrad  of  .  two  Independent 

eigenvalues  of  3*.  (or,  equivalently,  d'w©'’  6r® 

D  Da  Oca 

and  0  .  These  quantities  determine  (if  the  metric  is  given)  the 
congruence  uniquely  up  to  homogeneous  LORENTZ- transformations 
within  the  infinitesimal  neighbourhood  of  first  order  of  an 
event  x*  as  can  be  seen  from  the  relation 

(1.20)  u  6’u*  T®h  w  ■  “  “v 

a;b  ab  '^ab  5  ab  a  e 

which  follows  by  adding  (1.1^)  and  (1.16). 
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It  is  useful  to  introduce  the  absolute  magnitudes 

.  1/2  1/2  v2 

(1.21)  ui  (li^u*)  ,  ms  ' 


1/2 


of  acceleration,  rotation  and  shear  which  are  non-negative 
and  vanish  only  if  the  corresponding  tensors  do. 


It  should  be  stressed  that  the  preceding  definition  of  rotation 
rests  upon  the  convention  to  use  Fermi-propagated  axes  as  the 
standard  of  rest.  The  dynamical  meaning  of  this  rotation  has  been 
illustrated  by  idealized  experiments  with  test  bodies  (compare,  e.g., 
PIRANI  1956),  SYNGE  i960)  and  is  implicitly  contained  in  every 
theorem  following  from  the  field  equations  in  which  iO*  occurs; 
examples  are  given  below. 


2.  Some  special  kinematical  relations 

From  the  works  of  SYNGE  1937,  i960,  LICHNBROWICZ  I955,  RAYNER  I959 
and  others  the  differential -geometrical  meaning  of  special  flows 
such  as,  e.g.,  irrotational,  incompressible,  rigid  motions  and  some 
theorems  about  them  are  known.  This  section  is  devoted  to  some 

additional  statements  of  this  type  which  are  independent  of  field 
equations. 


2^  According  to  LICHNEROVICZ,  an  irrotational  (eO*  0 )  flow 
is  volume-preserving  O-  0)  if  and  only  if  the  hypersurfaces 
orthogonal  to  the  streamlines  (which  exist  according  to  ci)  a  0, 
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8«t  tq*  (1.18)  }  ar«  minimal.  A  aimilar  atatement  which  ia  uceful 
for  a  gaometrloal  theory  of  atatic  apaoe-timea^^  ia  thla: 
theorem:  An  Irrotational  flow  normal  congruence^  SYNGE  1937) 
ia  rigid  if  and  only  if  the  hyperaurfaoea  orthogonal  to  the  atream* 
llnea  are  totally  geodetic. 

2^  It  haa  been  ahown  by  SALZMAN  and  TAOB  195?  that  the 
atreamllnea  of  a  flow  are  the  trajectoriea  of  a  one-dlaenaional 
group  of  leometrlea  if  and  only  if  the  flow  la  rigid  and  admlta  an 
acceleration-potential  U  (  u^  ■  ).  A  generaliaation  ia: 

theorem;  The  atreamllnea  of  a  flow  are  the  trajectoriea  of  a 
one  dimenaional  (local)  group  of  conformal  mapplnga  of  apace-time 
onto  itaelf  if  and  only  if  the  flow  ia  ahear-free  (O’*  0)  and  6^ 
admita  a  repreaentation  auch  aa 
(2.1)  u^.  l©u^  ♦  j  (i>U  »  1(5) 

if  theae  conditiona  are  aatiafied^  s  e^u‘  generatea  the 

correaponding  group. 

A  aimple  example  of  auch  a  flow  ia  given  by  the  motion  of  the 
aubatratum  of  a  FRIEONANN-LENAITRE  univerae.  In  fact,  the  theorem 

1)  Thia  will  be  preaented  in  the  aecond  chapter  by  Ehlera  and  Kundt 
of  the  book  on  the  theory  of  gravitation  edited  by  L.  Witten, 
to  appear  in  1961  (Wiley) 
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enables;  one  to  simplify  the  derivation  and  kinematical  charaeteris 
zation  of  these  universes.  It  should  be  noted  that,  b^  (2,1 ) ,  a 
geodesic  "conformal"  flow  (with  0  ^  0 )  is  always  irrotational. 

It  is  well-known  (e.g.  EISENHART  1926)  that  the  scalar  product 
of  the  unit  tangent  vector  of  a  geodesic  with  the  generating  vector 
of  an  isometry-group  is  constant  along  the  geodesic.  It  is  easily 
seen  that  this  constancy  also  holds  for  a  null-geodesic  1  and  a 
conformal  group  if  the  tangent  vector  k *  of  the  former  is  chosen 
such  that  k*^^k^  ■  0.  Using  the  above  notation  we  have 

(2.2)  e^k  u**  const,  along  1  . 

B 

Now,  if  the  conformal  congruence  is  interpreted  as  the  set 
of  worldlines  of  light-emitters  and  receivers,  and  the  null 
geodesic  as  a  light  ray,  (2.2)  states 

(2.3)  e^.y  ■  const,  along  1, 

where  Vis  the  frequency  "with  respect  to  u*". 

This  simple  remark  contains  the  theory  of  the  frequency- shift 
in  stationary  and  static  gravitational  fields  and  in  the  FRIEDMANN- 
LEMAITRE  -  universes.  In  the  former  we  have  9  s  0,  u  ^  0,  and 
U  is  (by  definition,  but  strongly  suggested  by  (2,1)  and  further 
properties  of  U,  see,  e.g.,  )  the  scalar  gravitational 

potential,  and  in  the  latter  we  have  €  ^  0^  u  ■  0,  and  a ^  is 
(  cf.  (2.1)  )  proportional  to  the  radius  of  curvature  of  the  space. 


3«  Dlfftf ntial  ld«Btltl«a  for  th«  klntmatlcal  quantltlta 

Th«  derivatives  of  the  quantities  introduced  in  the  first  section 
satisfy,  in  consequence  of  the  RICCI-identity  for  u^,  certain 
identities  into  which  the  curvature  tensors  enter*  Wu  shall  now 
present  them  and  give  some  applications. 


b*  1  hf  i”. 

D 


ffe  start  by  calculating  the  relative  acceleration  of  neighbouring 
particles,  defined-analogously  to  (1*7)  -  by 

(3.1) 

Using  (1*9)  and  the  RICCI-identity  we  obtain 

V*  /n*  bd  .a.b  *a.x''e 

(3.2)  b  .  (R  u  ♦  hjj  u  +  u 

which  generalizes  the  well  known  formula  for  the  deviation  of 
geodesies. 

Next,  we  write  down  the  RICCI-identity  for  u*  ,  expressing 
the  first  derivatives  of  neans  of  (1.20).  We  obtain 

I  ‘’abed"^  ■  ^c[a;bj  *  ’^'c  fa;bl  *  '^,b)  "  “c!Lb“a] 

(1.3)  .  ieCb.-'.,  - 


-  (  lO-v  -  U  1* 


). 


c  •  -"ab  "  “  Ca  “b] 

By  contraction  we  get,  after  some  calculation  in  which  the  relations 


of  section  l 


are  used: 
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(1.4)  ^  ♦  je^  -  2(ff^ -6)^  ), 

(1.5)  u« .  h J  (co^^.J.’ f  .  (co\  ^  (r\)  i**  . 

Finally  wt  tranavect  (1,3)  with  u** ,  aynmetriza  with  raapaot 
to  a  and  c  and  tranavact  with  hjhj  in  order  to  aimplify 
the  raaulting  axpraaaion: 


(1.6) 


".bed"*’"'*  • 

■  V“e“’.b'’ed 


Here  1  ia  an  auxiliary  '‘acale  factor"  defined  (up  to  a  aoalar 
factor  which  ia  conatant  along  the  atreamlinea  )  by 

(1.7)  r*  j®-  ♦j(e  ♦  )  .1  . 

By  aiiU«jm«trliing  ®,i,cd  »lth  (1,3), 

With  reapect  to  a,e  one  obtaina  a  propagation-law  for  the 
vortex-vector,  naaely 

(1.8)  b;(i^«N-.<r*^iV  ‘iV'-v,,,. 

A  further  identity  aatiafied  by  tJ*  ia 


(1.9) 


%•  1  •  *a 

^0  ■  2  u  cO  ; 

I*  • 


i.e.  the  vortex  vector  ia  not  aolenoidal  aa  in  ordinary 
hydrodynaaica. 
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We  now  proceed  to  describe  some  applications  of  these 
relations. 

At  first  we  note  two  theorems  which  complement  the  vortex- 
theory  developed  by  SYNGE  1937,  LICHNBPOVICZ  1955,  and  others. 

Theorem  3.1.  The  vortex-lines  (i.e.  the  curves  with  direction  O*) 
and  the  streamlines  generate  surfaces  if  and  only  if  the  condition 
(3.10)  u  u.ii .  .  «0 

is  satisfied. 


d  e:f 


(This  follows  essentially  from  (3.8).)  The  theorem  is  inters 
esting  because  the  geometrical  property  stated  means  that  the 
vortex-lines  consist  of  the  same  fluid  elements  during  all  the 
time.  The  condition  is  satisfied,  e.g.,  if  the  streamlines 
are  "conformal  geodesics",  i.e.  if  they  are  geodesics  with  respect 

to  a  metric  conformally  related  to  the  natural  one,  g  .  .  But 

ab 

in  this  case  a  stronger  theorem  holds: 

Theorem  In  a  conformally  geodesic  flow  (with  u  ■  -  h*** 

•(logw),^)  the  propagation  law 

(3.11)  hj(wl^u}^-  e^wl^to'’ 

holds.  (  1  is  the  scale-factor  defined  im  (3.7).) 

Essentiallv  from  (5.8)  one  can  deduce  a  kinematical  characteris 
sation  of  "isometric"  flows  (agroup  motions,  cf.  sec.  2,2)  : 
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lh«orf  3«3«  A  rigid  aotion  is  a  group  sotion  if  and  only  if 
tho  Tortax  raotor  is  FERMl«propagatad  along  tha  atraaBlinss 
and  tha  aooalaration  vaetor  points  always  to  tha  saaa  nalghbourlng 
partlolas: 

(3*12)  6^  ■  5" ■  Oj  ^£a  bj  *  ^  ^ 

This  stataaant  adodta  tha  following  intultiva  Intarpratatlon: 

A  gravitational  fiald  is  stationary  if  and  only  if  it  ia  possibla 
for  a  suitably  ehoaan  cloud  of  partielaa  to  mova  rigidly  and 
with  constant  angular  velocity  undar  tha  influanca  of  Internal 
(non-gravitatlonal)  forces.  If,  aoraovar,  such  a  motion  exists 
which  is  in  addition  Irrotational,  tha  field  is  static.  (Tha 
particles  need  not  be  test  particles  because  no  fiald  aquations 
are  assumed.) 

A  theorem  useful  for  tha  discussion  of  solutions  of  the  field 
aquations  corresponding  to  rigid  body-motion  (Ehlers  1957,  1959; 
Rayner  1959)  is  this: 

Theorem  3»^  The  trajectories  of  a  group  aotion  are  RICCI  -  lines 
if  snd  only  if  a  scalar  Vv'  exists  with 

(3.13)  .  e'^  ^  W  , 

a  fS 

(D  is  the  acceleration-potential  from  eq.  (2.1)  ).  If  this  is 

trus  ff  satisfies 

(5.14)  .  0  . 
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Finally  wa  formulate  a  conaequence  of  equa.  (3.3),  (3,5)  which 
is  analogous  to  certain  theorems  in  the  theory  of  gravitational 
pure  radiation  fields  (sesi  e,g,,  Jordan~Ehlers»Sachs  196l)(  but 
is  independent  of  field  equations: 

Theorem  3»5  Let  K  be  a  shearfree,  normal,  timelike  congruence 
in  a  space«time  W.  If  K  is  even  rigid  or  if  K  consists  of 
RICCI-lines,  then  the  conformal  curvature  tensor  of  W  has 
PBTROV-type  I  with  real  eigenvalues,  and  u*  is  an  eigenvector 

®  principal  vector  of  C  ^  , 

ao  ''  abed 

This  theorem  is  a  slight  generalisation  of  a  well-known  theorem 
about  static  space-times. 


§  4,  Remarks  on  the  dynamics  of  ideal  fluids  and  incoherent  matter. 
The  fundamental  dynamical  law 


(4,1) 


«ab 


T 


ab 


of  EINSTEIN'S  theory  of  gravitation  is  a  general  scheme  which 
gets  a  well-defined  physical  content  only  if  the  source-term  T 

ab 

is  specified  according  to  the  type  of  matter  considered. 

If  we  assume  only  that  a  mean-velocity  u*  is  defined  besides 

^nb  ’  **  •PPly  kinematics  developed  above  to  the  congruence 
defined  by  u*  , 
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Further,  is  then  defined  to  be  the  mean  energy 

density,  and  pSjCT'fpt)  -  with  T  ■  T*^-  is  the  mean 
pressure. 

If  these  definitions  and  (4.1)  are  combined  with  equs.  (3,4) 
and  (3*7}  we  obtain 

a# 

(4.2)  3i  +  2(<r^  -  -  u*.^  +  I  (  ^  +  3p)  -A  -  0. 

Consequently,  the  quantity  -A  *  j  ♦  3p)  -  2« 
is  the  source  of  the  acceleration  field  in  rigid  flows.  This  fact 

can  be  considered  to  be  a  relativistic  analogue  of  GAUSS's 

law  in  ordinary  gravitational  theory,  if  the  latter  is  formulated 

with  respect  to  a  rigidly  rotating  frame  of  reference.  In  an 

isometric  flow,  (2.1)  leads  to  the  "POISSON"-equation 

(4.3)  "-A  ♦  J  (fi  ♦  3p)  -  2(0^  (  U  .  0). 

If  this  equation  is  transformed  into  a  three-dimensional 
divergence-relation  it  turns  out  that  (jJL*  3p)e^  should 

be  considered  to  be  the  effective  density  of  (active)  gravitational 
mass.  (This  should  be  compared  with  WHITTAKER  1933  and  PIRANI 
1956.) 

If  one  considers  ideal  fluids  with  a  pressure-density  relation 
the  "conservation  law" 

(4.4) 

{b 

ia  known  to  imply  that  the  congruence  of  the  streamlines  is 
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oottforaally  gtodtaie.  Constqutntly,  th«  Tortex-thtorMs  atatad 
above  are  applieablt.  It  ahould  also  ba  notioad  that  thaoraa  3.5 
appllaa:  A  ahaarfraa,  Irrotational,  laantroplo  flow  of  a  perfect 
fluid  ia  poaaible  only  in  a  gravitational  field  the  oonfornal 
curvature  tenaor  of  which  haa  PSTROV-type  I  and  real  eigenvaluea. 
Thia  correaponda  to  the  idea  that  auch  fielda  do  not  contain 
gravitational  radiation:  for  auch  radiation  would  preauaably  oauae 
ahear  notiona  of  the  natter  interacting  with  the  field. 


The  aimpleat  nodel  of  natter  ia  that  of  duaty  characterised  by 


(4.5) 

Tb  the  (geodeaic)  congruence  of  auch  natter  the  kinenatical 
theorena  are  applicable,  leading,  e.g.,  to  the  atatenent  that 
in  a  shear-free  flow  l^to*  ia  parallely  propagated  along  the 
atreanlinea,  that  confornal,  expanding  notions  are  Irrotational, 
.  nd  that  rigid  notions  are  isonetric,  with  a  harnonlc  vortex 
vector  aJ*(  -  0)  . 

With  respect  to  incoherent  natter  (4.5)  we  state  the  following 

Pieoren  4.1,  Ibe  field  equations  (4.1)  with  the  source  (4.5) 
are  equivalent  to  the  following  aet  of  equations: 


(4.6) 

(4.7) 

(4.8) 


*‘b  ;c  *  ;c  *  ^ 

ee 

3  2(<T^  -A  •  0  , 

-‘.."“‘.d  ‘.d 
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Corrollary  1«  If  (!r ■  .0  (isotropic  sxpansion),  (4,7) 
can  bs  rsplaced  by  the  "energy  conservation  law" 

(4.9)  3  -  j  -Al^  «E,  E.O 

with  . 

(4.10)  *ol  a  £1  ,  il  ■  0  ;  ^  a  M  ,  M  ■  0 

Corrollary  2.  In  an  irrotational  motion,  (4,8)  can  be 
replaced  by  the  geometrical  statement: 

(4.11 )  K  (x *,  e  ®  )  ■  i(A  ♦()  +  -  T  ♦  1  ”^(  1  )‘  e  *  e ** 

is  the  GAUSS -curvature  of  that  surface  F  generated  within 

the  hypersurface  R  (R  containing  x*  and  orthogonal  to  the 
streamlines)  by  the  geodesics  (with  respect  to  the  metric  induced 
in  R)  starting  from  x*  in  directions  orthogonal  to  e*(e%^«  0). 

The  first  corrollary  is  the  covariant  formulation  of 
RAYCKANDHURI'S  equation  (Raychandhuri  1955)  which  is  important  to 
cosmology.  The  second  corrollary  illustrates  the  manner  in  which 
the  distribution  and  relative  motion  of  matter  is  related  to  the 
spatial  curvature. 

Both  corrollaries  together  may  be  used  to  construct  and 
characterize  in  a  simple  and  intuitive  way  the  FRISDMANN-LEMAITRE- 
uni verses. 

We  also  see  from  (4.11):  in  an  irrotational  flow  of  incoherent 
matter  the  rest  spaces  have  constant  curvatures  if  and  only  if 
the  tensor  1  ^  in  parallely  propagated  along  the  streaiainea. 


-  140  - 


By  this  rtmark  and  the  above  theorem  it  la  poaaible  to  construct 
simple  generalizations  of  the  FRIEDHANN-models;  examples  are 
some  models  given  by  SCHUCKING  and  HECKMANN  at  the  Solray- 
conferenee  1938*  (These  authors  used  a  different  method.) 

§  5.  Kinetic  theory  of  gases.  H»theorem.  Equi> 
librium  diatributionea  in  a  gravitational  fields. 

We  now  consider  matter  not  as  continuously  distributed,  but  to 
be  a  statistical  ensemble  of  particles  of  rest  mass  a  interacting 
only  by  elastic  collisions.  We  assume  space-time  to  be  curved, 
but  smooth  enough  such  that  "physically  infinitesimal"  space-time 
regions  of  the  type  required  to  define  densities  and  momenta 
of  the  distribution  function  and  to  formulate  the  BOLTZMANN 
equation  can  be  considered  as  flat.  The  metric  field  g^^  must 
accordingly  be  considered  as  the  macro-field  (to  use  a  term 
from  the  theory  of  electrons). 

To  define  the  (one-particle-)  distribution  function  F(x,p) 

let  X  be  an  event,  dx  a  space-like  3-cell  at  x  vith 

0  ftbc  ft 

dual  *  3-cell  at  p  in  moment  un-space 

contained  in  the  hyperboloid 

(5.1)  P*  P,  ■  -  • 

Then,  by  definition, 

F  (  x,p)  (dx^dp*( 


(5.2) 
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is  the  number  of  particles  whose  worldlines  intersect 

Abe 

with  momenta  contained  in  dp  .  Obviously  F  is  a  scalar. 

F  satisfies  the  BOLTZMANN  equation 

(5.3)  .  -  jn  (F"F"'  -  FF*  )W(p,  p';  p",  p^'^dP'd^dP'" 

#  * 

formulated  by  SASAKI  in  1958.  The  partial  derivative  F 

I* 

is  to  be  understood  with  respect  to  x*,  p^  being  parallely 
propagated.  The  first  argument  in  the  F's  is  always  x  , 
the  second  p"  ,  p'"  t  Pt  P*  t  respectively.  Moreover  we  have 
put 

(5.4)  d  3^  a  p  ^  dP  . 

'V(  PiP'»p"iP"')  describes  the  probability  of  collisions 
PtP'‘4p"tP"'  •  Ne  assume^  as  usual, 

(5.5)  w  (p,  p*  5  p",  p»")  •  N  (p',  p;  p'»',  p"  )  .  w  (p"  ,  p"';  p,  p'). 
The  first  moment 

(5.6)  g*  »jg(p)p*  F(x,p)dP 

of  an  arbitrary  function  g  (p)  satisfies,  in  consequence  of 
(5.3)  and  (5.5),  the  transport-equation 

8*;a  *  ♦  g’  -  g”  -  g"’)(F''F»"-  FF')WdPdP'dP"dP"' 

which  also  holds  for  tensors  g****  instead  of  g  . 

If  g  is  an  additive  collieion  invariant  it  follows  that 
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g*.^*  0.  This  implies: 

1.  Th#  matter-flux  density 

(5.8)  ilnp^rdP  (u^u*  .  -1) 

satisfies  the  equation  of  continuity 

(5.9)  (  pu“)  «  0. 

pis  the  density  of  proper  mass  with  respect  to  the  local  rest 
frame  of  the  fluid  defined  by  u*  ,  the  barycentric  mean  velocity 

2.  The  energy-momentum  tensor 

(5.10)  T*"!  jp'ptpap 
has  vanishing  divergence: 

^5.11)  •  0. 

Next  we  define  the  entropy  flux  density  S*  by 

(5.12)  *  -  ((»*P  log  P  dP. 

We  obtain,  differentiating, 

®  *  ;«  ■  -  /(“•  ♦  log  P)  P^,P*dP  . 

The  same  transformation  which  led  to  eq.  (5.7)  can  now  be  applied; 
the  result  is 

(5.13)  S*.^.  J[jfJlog(P|Jl)  (r"F"’ -FF')WdPdP»dP"dP"' . 
Therefore  the  following  H-theorem  is  valid: 

Theorem  5.1  The  entropy  production  density 

S*  «  0 
:s 
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is  non-negative  ani  vanishes  only  in  a  space. tine  region  R  If 
everywhere  in  K  log  F  is  an  additive  Invariant  under  collisions. 


.Ve  now  nalce  the  assumption  suggested  strongly  by  the  lavs  of 
relativistic  collisions  that  -  corresponding  to  H.  GRAD's  veil- 
known  theorem  in  the  non  relativistic  theory  of  elastic  collisions 
the  general  collision  invariant  is  given  by  c  + 

Ihen  the  preceding  theorem  shows:  The  equilibrium-distributions 
of  a  relativistic  gas  nave  the  form 

v?.l4)  F  (x,p)«C(x)e  , 


From  this  formula  and  (3.S«10)  we  obtain 

Theorem  p.2.  The  local  equilibrium  distribution  of  an  ideal  gas 
is  given  by 


f  (x.p) 


?(x)  ! 
4r  m  '  K 


The  corresponding  energy  tensor  is  that  of  an  ideal  fluid 


with  tre  eoaation  of  state 


ji-  ♦  p  =  r  ^(■^) 

in  whicn 

(?.  17)  G  (y)  •  ^  t  (y)  «  je  *  cosh  (2  s)  dz. 

.'he  distribution* parameter  ^  is  related  to  the  pressure  p 
and  the  proper  density  of  proper  mass  «  ^  t  by 


\ 


f 

P  * 


(?.1t ) 


ffl 
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(This  theorem  has  been  established  by  SYNGE  I958;  the 
difference  wetveen  hie  treataent  and  the  present  one  oonsiata 
in  th.'t  SYNGE  uses  the  BOLTZMANN-nethod  of  the  aost  probable 
distribution  as  derived  froa  perautabilitiea,  whereas  we  have 
used  the  collision  equation  and  have  thus  established  iriiat  has 
been  called  the  "dynanical"  proof  of  the  equlllbriua-statea. ) 

We  now  ask:  What  conditions  are  imposed  on  the  "state  fields" 

^x)i  l(x)  and  u*(x)  by  the  collision  equation  (5.3)?  The 
answer  is  given  by 

Yheoren  5.3.  An  equilibrium  distribution  (5.15)  is  possible 
only  in  a  stationary  gravitational  field  .  More  specifically, 

t  *  3“  has  to  be  a  KILLING  vector,  and  consequently  the  flow 
is  a  group  motion.  Moreover, 


must  be  constant  in  the  domain  of  the  flow.  These  conditions  are 
also  sufficient. 

The  proof  of  this  theorem  is  straightforward. 

Comparing  this  result  with  the  classical  one  obtained  by 
BOLTZMANN  we  observe:  The  reversible  flows  of  an  ideal  gaa  in  a 
gravitational  field  are  kineaatically  sore  reatricted  in  the 
relativistic  than  in  the  classical  treatsent;  in  ths  rslati viatic 
caas  they  are  net  only  shear-free  but  even  rigid.  Thin  iapliea: 


In  the  Isotroploally  expaBding  universasof  relatlYlstlc  coamology 
the  aubstratuB  can  -  in  eontraat  to  tba  Newtonian  analogue  • 
not  be  thought  of  aa  being  an  ideal  gas  in  local  equilibrium. 
(This  gives  a  partial  answer  to  a  question  put  forward  by 
HECKMANN  ,  see  Heckmann  19^2.) 

Now  we  decompose  the  entropy*flux  density  into  a  convection 
and  a  conduction  part: 

(5,20)  S*  -  feu*  ♦  s*  (u  s*  >  0) 

In  an  equilibrium  distribution  s*  vanishes  according  to 
equs.  (3.12)  and  (3.14),  and  s  ,  the  specific  entropy,  is  seen  • 
after  a  little  calculation  -  to  be  related  to  the  specific  energy 
u  s#  by  |(du  *  pdv)  •  ds  .  This  shows  that  T  -  is 
temperature  of  the  gas,  and  therefore  we  may  infer  from  theorem 
3.3  ,  remembering  the  definition  of  the  scalar  gravitational 
potential  U  in  stationary  fields: 

Theorem  3.4,  In  an  ideal  gas,  being  in  thermodynamic  equilibrium 
in  a  gravitational  field,  the  temperature  and  the  gravitational 
potential  are  related  by 

u 

(3.24)  T  e  ■  const. 

This  law  has  been  established  by  R.C.  TOLMAN  who  considered 
(phenomenologically)  the  equilibrium  of  isotropic  electromagnetic 
radiation  in  a  static  gravitational  field.  It  is  a  confirmation 
of  the  inner  consistency  of  relativity  that  a  quite  different 


■o<i«l  and  a  different  method  again  lead  to  this  law.  (It  ahould 
be  noticed  that  the  "gravitational"  potential  might  be  a 
centrifugal  potential  also.) 

Finally  we  remark  that  this  treatment  of  the  relativletio 
gas  has  been  stimulated  by  the  works  of  SYNGE  1958,  TAUB  1948 
and  SASAKI  19^3 |  and  should  be  considered  as  a  completion  of 
these  former  investigations* 
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